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Preface

This book is based on lectures given at a summer school held in Nordfjordeid
on the Norwegian west coast in August 2002. In the little town with the spec-
tacular surroundings where Sophus Lie was born in 1842, the municipality,
in collaboration with the mathematics departments at the universities, has
established the “Sophus Lie conference center”. The purpose is to help orga-
nizing conferences and summer schools at a local boarding school during its
summer vacation, and the algebraists and algebraic geometers in Norway had
already organized such summer schools for a number of years. In 2002 a joint
project with the algebraic topologists was proposed, and a natural choice of
topic was Motivic homotopy theory, which depends heavily on both algebraic
topology and algebraic geometry and has had deep impact in both fields.

The organizing committee consisted of Bjørn Jahren and Kristian Ranes-
tad, Oslo, Alexei Rudakov, Trondheim and Stein Arild Strømme, Bergen, and
the summer school was partly funded by NorFA — Nordisk Forskerutdan-
ningsakademi. It was primarily intended for Norwegian graduate students,
but it attracted students from a number of other countries as well.

These summer schools traditionally go on for one week, with three series
of lectures given by internationally known experts. Motivic homotopy theory
was an obvious choice for one of the series, and, especially considering the
diverse background of the participants, the two remaining series were chosen
to cover necessary background material from algebraic topology and model
categories, and from algebraic geometry. The background lectures were given
by Bjørn I. Dundas and Marc Levine, both of whom have done important
work in their respective areas in connection with the main topic of the school.
Motivic homotopy theory was taught by one of the founders of the subject and
certainly its most prominent figure: Vladimir Voevodsky. We were very happy
to have such great and inspiring experts come and share their knowledge and
insight with a new generation of students.

After the summer school, Dundas and Levine agreed to write up their
lecture series for publication, and Voevodsky agreed to let Oliver Röndigs
and Paul Arne Østvær write up his. Röndigs and Østvær have also added an



VI Preface

extensive appendix with a more detailed discussion of the homotopy theory
and model structures involved. In this volume the contributions of Dundas and
Levine are presented first, since they contain the prerequisites for Voevodsky’s
lectures. They are basically independent and can be read in any order, or just
referred to while reading the third part, depending on the background of the
reader.

Finally, we would like to thank Springer Verlag for offering to publish this
book. We apologize that this has taken longer than expected, but now that the
lectures are available, our hope is that many students will find it useful and
convenient to find both an introduction to the fascinating subject of motivic
homotopy theory and the background material in one place.

Oslo, August 2006 Bjørn Jahren
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Preface

The intention of this note is NOT to write an introductory textbook in alge-
braic topology!! Many excellent sources exist, let me only point to Hatcher’s
book [7] which is available online.

On the contrary, these notes (and the resulting lectures at the summer
school on motivic homotopy theory) attempt to give a quick overview of the
parts of algebraic topology, and in particular homotopy theory, which are
needed in order to appreciate that side of motivic homotopy theory.

This means that we have to study spaces and spectra, but in a way which
allows for new applications and interpretations. Unfortunately, this point of
view is not predominant in most textbooks, and so even students with a first
course algebraic topology might be hard put when exposed to this material
without some background. In particular, we will use simplicial techniques.
Good books on basic simplicial stuff include [6] and [17]. Good books on
general model category theory include [21] (the original), [4], [9], and [8].

The first chapter gives a quick presentation of the classical situations where
homotopy theory is much used. In the second chapter we make a more thor-
ough study of the key example: simplicial sets. The reason I have chosen to
use so much time on this particular example is twofold. Firstly, some of the
results were chosen since they were going to be used later in Voevodsky’s lec-
tures. Secondly, some of the results were chosen since they are typical models
for the kind of arguments that are used over and over again in this theory.

Then a short and inadequate presentation of model category theory ap-
pears (this actually was even less complete in the lectures since I was pressed
for time at this point). Since spectra are so important to the theory and
the set-up uses many of the general ideas of model categories, they close the
chapter.

The fourth and last chapter gives one approach to motivic homotopy the-
ory. We give a quick presentation of the category of motivic spaces and their
spectra from a functorial point of view. Those not caring overly much for co-
herent smash-products can stay to the simpler theory, also explained. I stress
that this is but one of many possible approaches, and is definitely colored by
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my own preferences. No proofs are provided, and the reader is referred to [3]
for this particular approach, or to [12] for another using symmetric spectra
(also discussed in [22]).

Prerequisites. The reader is assumed to be familiar with the basic aspects
of point-set topology. For instance Chaps. 2 and 3 in [18] will be (more than)
enough. Categorical language is used freely, and some readers will find comfort
in having a copy of [16] within easy reach.

Caution. The sketch proofs spread around in these notes are only just that.
Although they may seem to be worded like complete proofs, there may be
claims put forth which in reality can be hard to establish. The intention has
not been to give full proofs, but rather to expose the reader to the idea and
methods useful for proving results of this type.

0.1 Notational Quirks

• N: the monoid of natural numbers (contains zero).
• Z ⊆ Q ⊆ R ⊆ C: the rings of integers, rationals, reals and complex

numbers.
• Ens: the category of sets.
• Ab: the category of abelian groups
• If C is a category and c and d are objects in C, then C(c, d) is the set of

morphisms in C from c to d.
• If C is a category then the opposite category Cop is the category with the

same objects, but all arrows reversed.
• If f : a → c and f : b → c are two maps in a category with coproducts,

then the natural map a
∐

b → c is called f + g.



I

Basic Properties and Examples

In this chapter we present our basic actors: topological spaces, simplicial sets,
simplicial abelian groups, spectra, and chain complexes. We concentrate on
the formal structures and the connections between them, and postpone most
technicalities.

The category of topological spaces serves as a reference category: it is here
the notion of homotopy appears, and many results and constructions are most
naturally understood in this context. However, both from a technical point
of view and from the point of view of extending the techniques into algebraic
geometry, it is better to work in the combinatorial alternatives.

The reason algebraic topologists are free to choose combinatorial models
for topological spaces is that algebraic topology is only concerned with those
phenomena that can be detected by mapping from certain model spaces. These
model spaces are typically discs or simple things you can make by gluing discs
together (like spheres), and so it turns out that the spaces that “really matter”
are those that can be made out of gluing discs together. Simplicial sets are
just a wonderful way of doing the bookkeeping for all the gluings in such an
approach.

After having presented the few facts we need about topological spaces
through the eyes of algebraic topology, we move quickly to simplicial sets and
abelian groups.

Traditionally simplicial objects are presented in terms of generators and
relations, making things hard to remember. With the assumed categorical
proficiency of the audience we stick to the alternative functorial approach
where all the bookkeeping is taken care of by ordered sets. In this chapter we
essentially just introduce concepts and notation, and will come back to the
deeper structure of simplicial sets in the next chapter.

The notion of spectra appears classically through homology theories and
give a convenient compromise between spaces and chain complexes capturing
much of the important action. It is a practical way of expressing the “linearity”
of certain invariants, and will reappear again when we start to talk about
motivic homology. We will also touch upon them in Chap. III.
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1 Topological Spaces

We start our biased study of algebraic topology by focusing upon those aspects
of topological spaces that will become important to us later.

As a motivation for much that is to come, we recall the definition of the
singular homology of a topological space.

1.1 Singular Homology

The building blocks of homotopy theory are the “standard simplices”. Singular
homology gives us an opportunity of recalling how these building blocks are
to be assembles.

Definition 1.1.1 Let n be a nonnegative integer. The standard topological
n-simplex, ∆n, is the subspace

∆n =





(t0, . . . , tn) ∈ Rn+1

∣
∣
∣
∣
∣
∣

∑n
i=0 t = 1, and

tj ∈ [0, 1] for all 0 ≤ j ≤ n}






of Rn+1.

d

d

0

1

1

2

0.5

0.5 1.5

−0.5

1

1.5

0

1

–0.4

0.2
0.4

0.6
0.8

1
1.2

1.4

y–0.4
–0.2

0.4
0.6

0.8
1
1.2

1.4

x

The standard topological 1-simplex ∆1 ⊆ R2. The standard topological
The image of d0 is the point (0, 1), the 2-simplex ∆2 ⊆ R3

image of d1 is (1, 0)
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For each integer i with 0 ≤ i ≤ n + 1 the map

(t0, . . . , tn) �→ (t0, . . . , ti−1, 0, ti, . . . , tn)

induces an inclusion which we call the ith face map

di : ∆n → ∆n+1 .

The standard topological 2-simplex ∆2 seen head on. The images of the dj ’s and
didj ’s are the indicated parts of the boundary. Note that there are relations between
the various ways of including 0-simplices (the number attached to each 0-simplex
indicates the axis which passes through this point). The arrows are only for future
reference

For a recollection of the basics on chain complexes, see Sect. 4.1 below.
For now, it is enough to recall that a chain complex is a sequence

(C∗, d) =
{

. . .
dn+1−−−−→ Cn

dn−−−−→ Cn−1
dn−1−−−−→ . . .

}

of abelian groups and linear maps such that for all n we have that dndn+1 = 0
(the index runs over the integers). The homology of (C∗, d) measures its failure
to be exact:

Hn(C∗, d) =
ker{dn : Cn → Cn−1}

im{dn+1 : Cn+1 → Cn}
.

Definition 1.1.2 Let X be a topological space. If n ≥ 0, a singular n-simplex
is a continuous map ∆n → X from the standard topological n-simplex to X.
Let Cn(X) be the free abelian group generated by the singular n-simplices.
Define

dn : Cn(X) → Cn−1(X)

on the generators by letting
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dn(σ) =
n∑

i=0

(−1)iσdi

(we see that σdi : ∆n−1 → ∆n → X is a singular n − 1-simplex). Note that
dd = 0. This defines the singular chain complex (C∗(X), d), whose homology
is called the singular homology of X, and is denoted H∗(X).

1.2 Weak Equivalences

From now on, all “maps” of topological spaces are continuous.

Definition 1.2.1 Let I be the unit interval, and let X and Y be topological
spaces. For t ∈ I let it : X → X × I be the inclusion given by it(x) = (x, t).
Two maps f0, f1 : X → Y are homotopic if there is a map F : X × I → Y such
that ft = Fit for t = 0, 1. The map F is called a homotopy from f0 to f1 and
we write f0 ∼ f1.

A map f : X → Y is a homotopy equivalence if there is a map g : Y → X
such that fg ∼ 1Y and gf ∼ 1X .

Homotopy is an equivalence relation.
We write

[X,Y ]

for the set of homotopy classes of maps from X to Y . If X and Y are pointed
(the base point is called ∗ regardless of home) topological spaces we define
pointed homotopy by insisting that ∗ × I ⊆ X × I is sent to ∗. We write

[X,Y ]∗

for the set of pointed homotopy classes of maps.

Definition 1.2.2 Let X be a pointed topological space and q a nonnegative
integer. Then

πq(X) = [Sq,X]∗

where the q-sphere Sq = {x ∈ Rq+1 | |x| = 1} is pointed at (1, 0, . . . , 0).

The set of path components is exactly π0(X). It is a standard fact that πq(X)
is a group (by pinching spheres) for q ≥ 1 and an abelian group for q > 1.
They are called the homotopy groups of X.

Definition 1.2.3 Let X and Y be topological spaces. A weak equivalence
is a map f : X → Y such that for any choice of base point f induces an
isomorphism

π∗(X) → π∗(Y )

(i.e., it induces an isomorphism πq(X) → πq(Y ) for all nonnegative q – and
all choices of basepoints).
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Fact 1.2.4 If X → Y is a weak equivalence, then the induced map H∗(X) →
H∗(Y ) is an isomorphism too.

A homotopy equivalence is a weak equivalence, but not necessarily con-
versely. It turns out that for all “reasonable” spaces these notions coincide.

One can show that it makes sense to formally “invert” the weak equiva-
lences. If you do that, you get a category HoTop called the homotopy category.
We will give an explicit construction later.

1.3 Mapping Spaces

The set of continuous functions A → X can be given various topologies, but
for our purposes the following one is the most convenient one.

Definition 1.3.1 Let A and X be topological spaces. Given a compact subset
K of A and an open subset U of X, let

W (K,U) = {f | f is a continuous function A → X s.t. f(K) ⊆ U}

The compact-open topology on the set of continuous functions from A to X
is the topology given by unions of finite intersections of W (K,U)’s when K
vary over compact subsets of A and U over open subsets of X. The resulting
topological space is denoted XA.

Fact 1.3.2 (see e.g. [18, 46.11]) If A is a locally compact Hausdorff space,
and B,X ∈ T op, then there is a natural bijection

T op(A × B,X) ∼= T op
(
B,XA

)
.

(Top is the category of topological maps and continuous functions, and so
T op(X,Y ) is the set of all continuous functions from X to Y ).

Conditions like “locally compact” cause havoc in the theory, and is part of
the reason why we are searching for combinatorial substitutes for topological
spaces. I will try to suppress these issues. For a quick list of relevant facts and
references I recommend [9, p. 58ff].

Definition 1.3.3 Let X be a pointed topological space. The loop space ΩX
on X is the space of pointed maps from the standard circle to X.

2 Simplicial Sets

For homotopy theory it suffices to focus on “reasonable” spaces. The so-called
CW-complexes are examples of reasonable spaces, but they do not form a
nice category. A good substitute, which is often convenient, is simplicial sets.
The idea is to build spaces out of standard topological simplices. The only
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problem is to construct a good category out of the simplices allowing for all
the necessary gluings.

Any algebraic geometer would suggest the following: take the “category
of standard simplices” and consider the (pre)sheaves on this category. This is
exactly what we do, except that we model the simplices by means of finite
ordered sets. The connection to topological spaces will be discussed in 2.2
below. Hang on:

2.1 The Category ∆

Definition 2.1.1 Let ∆ be the category consisting of the finite ordered sets

[n] = {0 < 1 < 2 < · · · < n}

for nonnegative integers n, and order-preserving (a.k.a. nondecreasing or
weakly monotone) functions.

Definition 2.1.2 A simplicial set is a functor

∆op → Ens

where Ens is the category of sets. A map of simplicial sets (or simplicial map)
is a natural transformation. The category of simplicial sets is denoted S.

More generally, a simplicial object in a category C is a functor X : ∆op → C.
If X is a simplicial set we usually we write Xn instead of X([n]), and the

elements of Xn are referred to as n-simplices.

Example 2.1.3 Let n be a nonnegative integer. The standard (simplicial)
n-simplex ∆[n] ∈ S is given by

[q] �→ ∆([q], [n]) = {order preserving functions [q] → [n]} .

Note that the ∆[n] are nothing but the values of the Yoneda map

∆ → S, [n] �→ ∆[n] = ∆(−, [n])

Note 2.1.4 By Yoneda’s lemma we have a natural isomorphism between Xn

and the set of simplicial maps ∆[n] → X.

Exercise 2.1.5 Let k ≥ 0. Show that ∆[0]k = ∆([k], [0]) has one element
and that ∆[1]k = ∆([k], [1]) has k + 2 elements. Show that the two maps
[0] → [1] ∈ ∆ induce injections ∆[0] → ∆[1], and that the union of their
images form a simplicial subset ∂∆[1] ⊂ ∆[1] with two simplices in every
dimension. How many k-simplices does the (simplicial) circle S1 = ∆[1]/∂∆[1]
have?
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Exercise 2.1.6 Show that there are
(
n+1
k+1

)
injective order preserving func-

tions [k] → [n] (considered as elements in ∆[n]k these are called “non-
degenerate k-simplices” in ∆[n].)

A degenerate k-simplex in X ∈ S is an element x ∈ Xk such that x = φ∗y
for some y ∈ Xn and non-injective φ : [k] → [n].

2.1.7 For the Record: ∆ Described by “Generators and Relations”

In particular, for 0 ≤ i ≤ n we have the maps

di : [n − 1] → [n], di(j) =

{
j j < i

j + 1 i ≤ j
“skips i”

si : [n + 1] → [n], si(j) =

{
j j ≤ i

j − 1 i < j
“hits i twice” .

Every map in ∆ has a factorization in terms of these maps. Let φ ∈ ∆([n], [m]).
Let {i1 < i2 < · · · < ik} = [m] − im(φ), and {j1 < j2 < · · · < jl} = {j ∈
[n]|φ(j) = φ(j + 1)}. Then

φ(j) = dikdik−1 · · · di1sj1sj2 · · · sjl(j) .

This factorization is unique, and hence we could describe ∆ as being generated
by the maps di and si subject to the “cosimplicial identities” :

djdi = didj−1 for i < j

sjsi = si−1sj for i > j

and

sjdi =






disj−1 for i < j

id for i = j, j + 1
di−1sj for i > j + 1

.

If X is a simplicial set, we let Xn be the image of [n], and for a map φ ∈ ∆
we will often write φ∗ for X(φ). For the particular maps di and si, we write
simply di and si for X(di) and X(si), and call them face and degeneracy maps.
Note that the face and degeneracy maps satisfy the “simplicial identities”
which are the duals of the cosimplicial identities.

Hence a simplicial set is often defined in the literature to be a sequence of
sets Xn and maps di and si

X0
s0 �� X1d1��

d0�� s0 ��
s1 ��

X2

d0��

d2��

d1��
��

��
��

��
��

��
�� . . .

satisfying the simplicial identities.
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2.2 Simplicial Sets vs. Topological Spaces

We mentioned that ∆ was modeled on simplices. This is manifested in the
functor ∆ → T op given by [n] �→ ∆n and sending φ : [n] → [m] ∈ ∆ to
φ∗ : ∆n → ∆m given by

φ∗(x0, . . . , xn) =

(
∑

j∈φ−1(0)

xj , . . . ,
∑

j∈φ−1(m)

xj

)

(the face and degeneracies are thus

di(x0, . . . , xn−1) = (x0, . . . , xi, 0, xi+1, . . . , xn−1)

si(x0, . . . , xn+1) = (x0, . . . , xi−1, xi + xi+1, xi+2, . . . , xn+1).

Note that the formula “dd = 0” for the singular chain complex 1.1.2 follows
from the cosimplicial identities).

Exercise 2.2.1 Prove that [n] �→ ∆n is a functor.

By the way, a functor from ∆ to some category is called a cosimplicial
object in that category.

There is a pair of functors

T op
|−|
�
sing

S

defined as follows.

Definition 2.2.2 For Y ∈ T op, the singular complex is defined as

sing Y = {[n] �→ T op(∆n, Y )}

(the set of unbased continuous functions from the topological standard n-
simplex to Y ). As [n] �→ ∆n is a cosimplicial space, this becomes a simplicial
set.

Exercise 2.2.3 Elaborate: why is sing Y a simplicial set, and why is sing a
functor?

Definition 2.2.4 For X ∈ S, the realization of X is defined as the quotient
space

|X| =

(
∐

n

Xn × ∆n

)

/ ∼

where if (x, u) ∈ Xm × ∆n and φ : [n] → [m] ∈ ∆ we identify the points
(φ∗x, u) ∈ Xn × ∆n and (x, φ∗u) ∈ Xm × ∆m.
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Example 2.2.5 Several familiar topological spaces are realizations of simpli-
cial sets. Here are some examples:

• The standard topological n-simplex: ∆n ∼= |∆[n]|.
• Let ∂∆[n] be the sub-simplicial set of ∆[n] generated by all the faces (i.e.,

the images of the injections ∆[n − 1] → ∆[n] induced by the projections
di : [n] → [n − 1] ∈ ∆, i = 0, . . . , n, cf. 2.1.7). Then |∂∆[n]| is homeomor-
phic to the n − 1-sphere.
In particular, the realization of the (simplicial) circle S1 of Exercise 2.1.5
is (homeomorphic to) the usual (topological) circle.

Exercise 2.2.6 In the previous example: what does “generate” mean pre-
cisely? Prove that |∂∆[n]| is homeomorphic to the (n − 1)-sphere.

Note 2.2.7 The picture for |X| is as follows: for each m-simplex x ∈ Xm,
you insert a topological m-simplex ∆m. The maps in ∆ keep track of how these
simplices should be glued together.

For instance (dix, u) ∼ (x, diu) tells you that the ∆m−1 associated with
dix ∈ Xm−1 should be glued to the ith face of the ∆m associated with x ∈ Xm.

The realization functor glues simplices together. Here (x, d0u) ∼ (d0x, u) tells us
that we should identify the two black dots

It is confusing at first to understand the rôle of the surjective maps in ∆.
They dictate that once you have a simplex, there will be higher dimensional
simplices which are to be identified with it after realization. Often one can do
without them (e.g., the singular homology only saw the dis), but trying to do
so in general leads to a much more complex theory. So we just will have to live
with facts like that the “interval” ∆[1] has three 1-simplices: one degenerate
for each end point and one spanning the interval itself.

Fact 2.2.8 If X is a simplicial set, then |X| is a compactly generated Haus-
dorff space, but it is usually not locally compact.
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Lemma 2.2.9 The realization functor is left adjoint to the singular functor.

Sketch Proof: Check it by hand as an exercise: Explicitly, you have to show
that there is a natural bijection of morphism sets

T op(|X|, Y ) ∼= S(X, sing Y ) .

This bijection is induced by the “adjunction maps”

X → sing |X|

x ∈ Xn �→ (∆n u�→(x,u)→ Xn × ∆n → |X|) ∈ sing |X|n

and

|sing Y | → Y

(y, u) ∈ sing (Y )n × ∆n �→ y(u) ∈ Y. �

Note 2.2.10 That the realization is the left adjoint implies by general non-
sense that it preserves all colimits (S has all (small) (co)limits: just take the
(co)limit in each degree separately and you get the right answer).

It is a very useful fact that the realization often preserves finite limits
(when interpreted in “k-spaces” this is always true, see e.g., [9, 3.2.4]).

2.3 Weak Equivalences

Definition 2.3.1 A map f : X → Y of simplicial sets is a weak equivalence
if |f | : |X| → |Y | is a weak equivalence in T op.

Just as in Top it makes sense to invert all weak equivalences in S, and
the resulting category, HoS, is called the homotopy category of S. In the
simplicial case I can be quite specific:

obHoS = obS ,

and if X,Y ∈ obS = obHoS, then

HoS(X,Y ) ∼= [|X|, |Y |] .

This could be a perfectly fine definition. The important point is that the
answer is relevant.

Theorem 2.3.2 (see any book on simplicial sets). The maps of adjunction
X → sing |X| and |sing Y | → Y are both weak equivalences.

The singular/realization adjoint pair induces an equivalence between the
homotopy categories of topological spaces and simplicial sets.

Note 2.3.3 We will later see that the correspondence between S and T op
is even better than just something inducing an equivalence on the homotopy
category level (it is something called a Quillen equivalence, see III.1.3.1).
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3 Some Constructions in S

One of the good things about the category of simplicial sets is that it offers
no categorical surprises (as opposed to T op which is just a mess). Limits and
colimits are calculated in every degree separately, e.g.,

(
X

∐
Y

)

q
= Xq

∐
Yq, and (X × Y )q = Xq × Yq .

The mapping space

S(X,Y ) = {[q] �→ S(X × ∆[q], Y )}

satisfies the exponential formula

S(X,S(Y,Z)) ∼= S(Y × X,Z)

on the nose.

Exercise 3.0.1 Prove this.

Note that S(X,Y ) = S(X,Y )0, and that we have a (n associative) “com-
position”

S(Y,Z) × S(X,Y ) → S(X,Z)

induced by sending g : Y ×∆[q] → Z and f : X ×∆[q] → Y to the composite

X × ∆[q]
id×diagonal−−−−−−−−→ X × ∆[q] × ∆[q]

f×id−−−−→ Y × ∆[q]
g−−−−→ Z

3.0.2 Path Components and Homotopies

Let X be a simplicial set, and let x0, x1 ∈ X0 be two zero simplices (a.k.a..
points or vertices). If there is a 1-simplex x ∈ X1 such that d0x = x0 and
d1x = x1 we say that x is a path from x0 to x1. Being connected by a path is
neither symmetric nor transitive, but we may anyhow consider the equivalence
relation generated by the path relation. We call the set of equivalence classes
the set of path components and write π0X. We see that π0X is naturally
isomorphic to π0|X|.

x 0

x1

Two points are in the same path components if they can be joined by a finite “chain
of paths”
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We will later also define the higher homotopy groups in a combinatorial
fashion, but whatever definition you use, it should be naturally isomorphic to
π∗| − |.

Definition 3.0.3 Let X,Y ∈ S, and let f0 and f1 be two maps from X to
Y . A homotopy from f0 to f1 is a path in S(X,Y ) from f0 to f1.

In other words, a homotopy is a map H : X × ∆[1] → Y such that the com-
posites

X ∼= X × ∆[0] id×di−−−−→ X × ∆[1] H−−−−→ Y, i = 0, 1

are f1 and f0.
Since |X ×∆[1]| ∼= |X| × |∆[1]|, we see that the realization of a homotopy

is a homotopy in T op.

Definition 3.0.4 A map f : X → Y ∈ S is a (simplicial) homotopy equiva-
lence if there is a map g : Y → X such that both composites f ◦ g and g ◦ f
are homotopic to the identity.

4 Simplicial Abelian Groups

Let Ab be the category of abelian groups. Since Ab has all (co)limits, so has
the category A = sAb of simplicial abelian groups. There are free/forgetful
functors

Ab
Z[−]

�
U

Ens

where Z[X] is the free abelian group on the set X and UM is the underlying
set of the abelian group M . Applying this in every degree we get an adjoint
pair

A
Z[−]

�
U

S .

Note 4.0.5 The category A = sAb inherits structure from S via this adjoint
pair. For instance A has its own “internal” hom-object via

A(M,N)q = A(M ⊗ Z[∆[q]], N) ,

and so a natural notion of homotopies of maps.
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4.1 Simplicial Abelian Groups vs. Chain Complexes

As usual, a chain complex is a sequence

C∗ = {· · · ← Cq−1 ← Cq ← Cq+1 ← . . . }

such that any composite is zero, and a map of chain complexes f∗ : C∗ → D∗
is a collection of maps fq : Cq → Dq such that the diagrams

Cq
fq−−−−→ Dq



�



�

Cq−1
fq−1−−−−→ Dq−1

commute. We let Ch be the category of chain complexes, and Ch≥0 be the
full subcategory of chain complexes C∗ such that Cq = 0 if q < 0.

If C∗ is a chain complex, we let

ZqC = ker{Cq → Cq−1} (cycles),
BqC = im{Cq+1 → Cq} (boundaries) and

HqC∗ = ZqC/BqC (homology).

A simplicial abelian group M gives rise to a chain complex called the
Moore complex:

C∗(M) = {M0
d0−d1←−−−− M1

d0−d1+d2←−−−−−−− M2
d0−d1+d2−d3←−−−−−−−−− . . . } .

Note that the singular homology of a topological space Y 1.1.2 was defined as

H∗(Y ) = H∗(C∗Z[sing Y ]) .

More generally, for a simplicial set X we define

H∗(X) = H∗(C∗Z[X]) .

Fact 4.1.1 Let M be a simplicial abelian group. Then there is a natural
isomorphism

π∗(|U(M)|) ∼= H∗(C∗(M)) .

The map X ∼= 1 · X ⊆ UZ[X] induces what is called the Hurewicz map
π∗(|X|) → H∗(|X|) on homotopy groups [7, 4.2].

4.2 The Normalized Chain Complex

If M is a simplicial abelian group, then the normalized chain complex
Cnorm

∗ (M) (which is usually called N∗M , an option unpalatable to us since
this notation will be occupied by the nerve) is the chain complex given by
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Cnorm
q (M) =

q−1⋂

i=0

ker{di : Mq → Mq−1}

and boundary map Cnorm
q M → Cnorm

q−1 M given by the remaining face map dq.

Fact 4.2.1 (Dold-Kan) The normalized chain complex gives an equivalence
of categories

Cnorm : A → Ch≥0 .

Furthermore, this equivalence sends homotopies to chain homotopies and vice
versa for the adjoint.

The inclusion of the normalized complex into the Moore complex
Cnorm

∗ (M) ⊆ C∗(M) is a homotopy equivalence (see e.g., [6, III.2]).

5 The Pointed Case

Most of what have been said so far carries over to the pointed setting (a
pointed simplicial set is by definition a simplicial pointed set in case you
wondered). Just a tad of notational stuff. We write S∗ for the category of
pointed simplicial sets.

If X and Y are pointed sets, then the wedge

X ∨ Y

is what you get if you take the disjoint union of X and Y and identify their
basepoints. Alternatively (and more concretely) you may think of X ∨ Y as
the subset of X × Y where (at least) one of the coordinates is the base point.
The quotient

X ∧ Y = (X × Y )/(X ∨ Y )

is called the smash. The suspension of X ∈ S∗ is just another word for the
smash S1 ∧ X where S1 = ∆[1]/∂∆[1] is the simplicial circle. We define the
higher spheres by

Sn = S1 ∧ Sn−1 ,

giving the isomorphisms Sn ∧ Sm ∼= Sm+n. By the way, S0 = {0, 1} = ∂∆[1]
pointed in 0.

If Z is an (unpointed) set, then

Z+

is Z to which we have added a base point.
The free/forgetful pair connecting abelian groups and sets factors through

the pointed sets (abelian groups are pointed in zero)

Ab
Z̃[−]

� Ens∗
X �→X+

� Ens
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where Z̃[X] = Z[X]/Z[∗], Ens∗ is the category of pointed sets, and the arrows
pointing to the right are the forgetful functors (on the bottom, following the
convention that right adjoints are written below the left adjoint).

There are many (natural!) relations between these constructions, such as

1. (Z × S)+ ∼= Z+ ∧ S+,
2. X ∧ (Y1 ∨ Y2) ∼= (X ∧ Y1) ∨ (X ∧ Y2),
3. S0 ∧ X ∼= X,
4. Z̃[X ∨ Y ] ∼= Z̃[X] ⊕ Z̃[Y ],
5. Z̃[X ∧ Y ] ∼= Z̃[X] ⊗ Z̃[Y ]
6. if A ⊆ X, then 0 → Z̃[A] → Z̃[X] → Z̃[X/A] → 0 is exact.

Exercise 5.0.1 Write up a couple more relations like the ones above and
prove all of them. Note that the short exact sequence in 6 splits (if you believe
in the axiom of choice); but this splitting will not be natural (regardless of
faith).

Performing these constructions degreewise, we get the corresponding con-
structions for pointed simplicial sets.

Reduced homology is given as the homotopy groups of Z̃[X], the wedge
axiom is reflected in 4, the Künneth theorem in 5, and excision in 6.

Definition 5.0.2 The space Z̃[Sn] is called the nth integral Eilenberg-Mac
Lane space, and has the property that

πqZ̃[Sn] =

{
0 if n �= q

Z if n = q
.

5.0.3 Mapping Spaces and Homotopies

We have mapping spaces as well, let X and Y be pointed simplicial sets, then
S∗(X,Y ) is the pointed simplicial set with q simplices

S∗(X,Y )q = {pointed simplicial maps X ∧ ∆[q]+ → Y } .

Exercise 5.0.4 Note that S∗(X,Y ) = S∗(X,Y )0, and that we have a “com-
position”

S∗(Y,Z) ∧ S∗(X,Y ) → S∗(X,Z) ,

and an exponential law

S∗(X ∧ Y,Z) ∼= S∗(Y,S∗(X,Z))

If f0, f1 ∈ S∗(X,Y ), a (pointed) homotopy between them is a path in
S∗(X,Y ). In other words, it is a map

X ∧ ∆[1]+ → Y

restricting to f0 and f1 on the boundary of ∆[1]. (Pointed) homotopy equiva-
lences are defined in the obvious way.
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5.0.5 Loop Spaces and Cohomology

We note that sing Ω|X| ∼= S∗(S1, sing |X|) (this uses 1.3.2, that the circle is
(locally) compact Hausdorff and that realization commutes with finite prod-
ucts if one of the factors is locally compact).

It is an important fact that even though X → sing |X| is a weak equiva-
lence,

S∗(A,X) → S∗(A, sing |X|)
may not be a weak equivalence.

Exercise 5.0.6 Prove that π0S∗(S1, S1) ∼= S0, whereas π0S∗(S1, sing |S1|) ∼=
π1|S1| ∼= Z.

It is S∗(A, sing |X|) which has the “right” homotopy type, and we define
the loop space

ΩX = S∗(S1, sing |X|) ∼= sing Ω|X| .

Then loop and suspension are not adjoint, but we still get that a map S1 ∧
X → Y induces a map X → ΩY (by using the adjunction on the composite
S1 ∧ X → Y → sing |Y |).

Definition 5.0.7 Let X ∈ S. The nth (reduced, integral) cohomology of X
is given by the group

H̃n(X) = π0S∗(X, Z̃[Sn])

Note 5.0.8 It is a special feature of Z̃[Sn] that there is no need for sing | − |
around it (since it is a simplicial abelian group it is “fibrant” in a language to
come).

Once this point is properly understood, it is not too difficult to derive the
axioms for cohomology from this definition. A direct proof that it agrees with
the usual cochain definition (not given here) is an application of the isomor-
phism of the category of simplicial abelian groups and chain complexes concen-
trated in non-negative degrees (together with the fact that Z̃[Sn] corresponds
to the chain complex with a single nontrivial group Z concentrated in degree
n).

6 Spectra

6.1 Introduction

Many phenomena and invariants are “stable” in the sense that suspending
simply acts as shifting. More to the point: for (generalized) cohomology the-
ories, gluing of spaces can be easily understood through excision, and Brown
representability says that any cohomology theory can be realized by mapping
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into a “spectrum”. Spectra are a sensible half-way house between spaces and
abelian groups where cohomology theories “live”; here suspension is equiva-
lent to shifting and finite coproducts are equivalent to products. However, the
category of spectra is not simply a jumble of invariants with values in abelian
groups, it carries the same kind of structure as the category of spaces and is
open for analysis through the same type of machinery.

Definition 6.1.1 In algebraic topology (as opposed to algebraic geometry),
a spectrum is a sequence of simplicial sets

E = {E0, E1, E2, . . . }

together with (structure) maps

S1 ∧ Ek → Ek+1

for k ≥ 0. A map of spectra f : E → F is a sequence of maps fk : Ek → F k

compatible with the structure maps: the diagrams

S1 ∧ Ek −−−−→ Ek+1



�idS1∧fk



�fk+1

S1 ∧ F k −−−−→ F k+1

commute. We let Spt be the resulting category of spectra.

This definition is apparently due to Lima [14].
There are some especially important spectra:

Example 6.1.2 1. the sphere spectrum

S = {k �→ Sk = S1 ∧ · · · ∧ S1}

whose structure maps are the identity.
2. the (integral) Eilenberg-Mac Lane spectrum

HZ = {k �→ Z̃[Sk]}

whose structure map is induced by the natural map Z̃[X]∧Y → Z̃[X∧Y ].

The Eilenberg-Mac Lane spectra are examples of Ω-spectra, that is the adjoint
of the structure maps give rise to equivalences Ek → ΩEk+1. In various
treatments this property is taken as a part of the definition of spectra. We
do not; it takes more categorical effort to make this work. Our approach is
a typical example of how modern homotopy theory treat this kind of issues.
The Ω-spectra are admittedly the spectra that matter, but many natural
constructions on spectra takes us outside the Ω-spectra, and so the approach
is to admit all spectra, but allow for equivalences (stable equivalences, see
below) that are measured by Ω-spectra (in model categorical language to be
explained in Chap. III, the Ω-spectra are the fibrant spectra).
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6.2 Relation to Simplicial Sets

If X is a pointed simplicial set and E is a spectrum, then E∧X is the spectrum
n �→ En ∧ X, and EX is the spectrum n �→ S∗(X,En).

There is a pair of adjoint functors

Spt
Σ∞

�
R

S∗

where
Σ∞X = {n �→ Sn ∧ X}

is the suspension spectrum with right adjoint RE = E0 – the zeroth space.
Occasionally RE is referred to as the “underlying space” of the spectrum,

but this term is also sometimes used for the underlying infinite loop space
Ω∞E = lim−→n ΩnEn (the maps in the colimit are the same as in 6.3.1 below).

Exercise 6.2.1 Prove that R and Σ∞ are adjoint.

6.3 Stable Equivalences

The relevant equivalences giving the right correspondence between cohomol-
ogy theories and spectra are the stable equivalences:

Definition 6.3.1 Let E be a spectrum. The (stable) homotopy groups of E
are defined as

πqE = lim−→
k

πq+kEk

where the colimit is over the maps πq+kEk → πq+kΩEk+1 ∼= πq+k+1E
k+1 for

k > −q.

Exercise 6.3.2 Make the maps πq+kEk → πq+kΩEk+1 ∼= πq+k+1E
k+1 ex-

plicit using the definition in 5.0.5 of Ω in S∗.

Note that the stable homotopy groups define a functor from spectra to Z-
graded abelian groups.

Definition 6.3.3 A map of spectra f : E → F is a stable equivalence if it
induces an isomorphism on stable homotopy groups.

Fact 6.3.4 An important fact about spectra is that the natural map

E ∨ F → E × F

is a stable equivalence. This is related to the fact that if X,Y ∈ S are such
that πiX = 0 for i < n and πjY = 0 for j < m, then πk(X ∧ Y ) = 0 for
k < m + n.
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Exercise 6.3.5 In the “fact” above: how do you define E∨F and E×F (i.e.,
what are the structure maps)?

Again it makes sense to invert all stable equivalences, and the resulting
category is called the stable homotopy category,

HoSpt

(often in the literature you will find the term “the stable category”, a term
which may cause confusion, and which we will avoid). Facts like 6.3.4 adds up
to show that HoSpt is an additive category (finite sum = product), and even
better, it has a “tensor product” which is somehow derived from the smash
on S∗.

6.4 Homology Theories

A spectrum E gives rise to a “(co)homology theory”: if X is a simplicial set,
we let

En(X) = πn(E ∧ X)

and
En(X) = π−nEX .

The stable homotopy group πS
n (X) of a pointed space X is by definition

Sn(X) = πn(S ∧ X) = lim−→
k

πn+k(Sk ∧ X) .

Theorem 6.4.1 There are natural isomorphisms

(HZ)n(X) ∼= H̃n(X)

(HZ)n(X) ∼= H̃n(X) .

Sketch Proof: Homology part: First note that H̃n(X) ∼= H̃n+k(Sk ∧ X) ∼=
πn+kZ̃[Sk∧X] for all k ≥ 0. Given this, the natural isomorphism (HZ)n(X) ∼=
H̃n(X) is given as the colimit (over k) of

πn+k((HZ ∧ X)k) = πn+k(Z̃[Sk] ∧ X) → πn+k(Z̃[Sk ∧ X])

which is an isomorphism for k > n (by a “stability result” similar to 6.3.4).
Cohomology part: H̃n(X) = H̃k(Sk−n ∧ X) = π0S∗(Sk−n ∧ X, Z̃[Sk]) ∼=

πk−nS∗(X, Z̃[Sk]) for all k ≥ n. �
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6.5 Relation to Chain Complexes

There is a close connection between chain complexes and spectra.
The definition of spectra is reminiscent of how you’d represent arbitrary

chain complexes by means of chain complexes concentrated in non-negative
dimensions: a chain complex C can be given by a sequence

...

d

��

...

d

��

...

d

��

...

d

��
C2

d

��

C1

d

��

C0

d

��

C−1

d

��

. . .

C1

d

��

C0

d

��

C−1

d

��

C−2

d

��

. . .

C0 C−1 C−2 C−3 . . .

of non-negatively graded chain complexes C0, C1,. . . together with isomor-
phisms Ci

j
∼= Ci+1

j+1. Homology in arbitrary dimensions is then accessible as

Hj(C) ∼= lim−→n
Hn+j(Cn) .

Notice that if we let Z[1] be the chain complex concentrated in degree 1
with a single Z, then the isomorphism Ci

j
∼= Ci+1

j+1 can be reformulated through
a map

Z[1] ⊗ Ci → Ci+1

which is an isomorphism in positive degrees. The tensor product of chain
complexes is given by (C ⊗ D)n = ⊕p+q=nCp ⊗ Dq (with the appropriate
sign conventions on the differentials), and so (Z[1]⊗Ci)n

∼= Ci
n−1

∼= Ci+1
n for

n > 0.
As a matter of fact, if we replace the category of simplicial sets S, the

smash product ∧ and the circle S1 with

1. the category of simplicial abelian groups A, with degreewise tensor, and
Z̃[S1]

2. the category of chain complexes concentrated in non-negative degrees
Ch≥0, with tensor of chain complexes and CnormZ̃[S1] = Z[1] or

3. the category of chain complexes Ch, with tensor of chain complexes and
Z[1]

word for word in the definition of spectra we get categories Spt(A), Spt(Ch≥0)
and Spt(Ch) which for all practical purposes play the rôle of chain complexes,
and which is related to spectra by the usual free/forgetful functor connecting
abelian groups and sets.
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The relation Spt to Ch is as follows

Spt
Z̃[−]

� Spt(A) �
Cnorm

Spt(Ch≥0)
truncate

�
include

Spt(Ch) �
R

Ch

The maps to the left of Spt(A) all induce equivalences on the associated
homotopy categories.



II

Deeper Structure: Simplicial Sets

In this chapter we will develop some further properties necessary to under-
stand simplicial sets. In order to control the weak equivalences we introduce
two classes of maps: fibrations and cofibrations. These maps formalize “ob-
struction theory”, or rather they tell us when existence of liftings can be
expected. This is intimately connected with the fact that weak equivalences
are not isomorphisms, although they become so in the homotopy category.

So a natural question could be: for what kind of weak equivalences X
∼→ Y

can we expect to find “liftings” for each diagram

A ��

injective
��

X

	
��

B �� Y

i.e., maps B → X you can insert in the diagram without destroying the
commutativity? This is reminiscent of Tietze’s extension theorem in point
set topology which states that if X = [0, 1] ∼→ ∗ = Y then extensions exist
for all closed inclusions A ⊆ B where B is normal. What makes topological
spaces different from simplicial sets is that “cofibrations” (more about these
later) in T op are rather complicated, making qualifications such as “closed”
and “normal” necessary. By contrast a “cofibration” of simplicial sets is simply
an inclusion.

By choosing A ⊆ B to be ∅ ⊆ Y we see that such an equivalence X
∼→ Y

would have a splitting Y → X, and by another choice of A → B (hint: try
to lift a “trivial homotopy”) we can show that X

∼→ Y → X is homotopic to
the identity. So in particular X → Y is a homotopy equivalence, and Y → X
realizes its homotopy inverse.

A systematizing fact about simplicial sets is that they can be built by
gluing simplices along their boundary, so the inclusions ∂∆[n] ⊆ ∆[n] play a
prominent rôle. Here ∂∆[n] is the subcomplex of ∆[n] generated by the faces
di.
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The inclusions that are also weak equivalences also have their “building
blocks” discussed later, and the fibrations alluded to above are the maps X →
Y having the property that for every diagram

A

��

�� X

��
B �� Y

where A → B is both an inclusion and a weak equivalence we have a lift-
ing B → X. The simplicial sets X having the property that the canonical
map X → ∗ is a fibration are called fibrant, and play a preferred rôle. Ho-
motopy theory for fibrant objects is not hampered by problems such as weak
equivalences not having homotopy inverses.

Any simplicial set is equivalent to a fibrant simplicial set, so why not
just stay with the fibrant ones? The reason is that whereas S has good and
transparent categorical properties, the subcategory of fibrant objects is very
bad. Many of the constructions we use will take you out of fibrant objects. So
the solution is to stick to S, but have the (co)fibrations and weak equivalences
as part of your data.

It all ends up in the statement that S is a “model category” (see Chap. III)
and the realization functor is a “Quillen equivalence” T op → S. From this
technical point of view (which we will develop in the next chapter) the thing
which is special about S (apart from its categorical simplicity) is that all
objects are “cofibrant”, and properties relating to the fact that π∗ commutes
with colimits over N.

Before we start with the technical issues we allow ourselves to give a vari-
ation of an important point from the first chapter.

0.1 Realization as an Extension Through Presheaves

Another way of presenting the realization/singular adjoint pair, more remi-
niscent of the idea of simplicial sets as presheaves is the following. Consider
the topological standard simplices as a functor ∆ → T op, and extend it to
simplicial sets through the Yoneda functor

h : ∆ → Presheaves on ∆ = S, [n] �→ ∆[n] = ∆(−, [n]) .

The realization is the “filler” (the precise notion is “left Kan extension” ac-
cording to most working mathematicians) in

∆

h

��

[n] �→∆n

�� T op

S

���
�

�
�
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making the diagram commutative up to natural isomorphism (the above men-
tioned working mathematicians would also write things like |X| =

∫ [n]
Xn ×

∆n and claim that the string of symbols

T op

(∫ [n]

Xn × ∆n, Y ) ∼=
∫

[n]

T op(Xn, Y ∆n

) ∼=
∫

[n]

Ens(Xn, T op(∆n, Y )

)

is another way of saying that the realization and singular functors are adjoint).

0.1.1 Categories and Simplicial Sets

The ideas involved in the singular/realization pair connecting topological
spaces and simplicial sets is quite general, and we will see other examples
later. For now we are content with giving just one, namely the connection
between small categories and simplicial sets.

The category ∆ may be considered as a subcategory of the category Cat of
small categories, by viewing [q] ∈ ∆ as the category {0 ← 1 ← · · · ← q}. Order
preserving functions correspond to functors, and so we have an “inclusion”
∆

� � �� Cat .
In analogy with the singular functor, the Yoneda functor h : ∆ → S ex-

tends to the nerve
N : Cat → S .

For a given category C the q simplices NqC of the nerve is the set of functors
[q] → C, or in other words, the set of all composable arrows

c0 ← c1 ← · · · ← cq

in C. The nerve embeds Cat as a full subcategory of S.
The left adjoint to the nerve – corresponding to the realization – is less

important, but is constructed as before as the filler in

∆

h

��

� � �� Cat

S

���
�

�
�

Exercise 0.1.2 (nerves, natural transformations and homotopies). Let

f0, f1 : C → D

be functors between small categories. Prove that there is a natural transfor-
mation from f0 to f1 if and only if there is a homotopy from Nf0 to Nf1.
(Hint: N [1] = ∆[1].)
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1 (Co)fibrations

1.1 Simplicial Sets are Built Out of Simplices

Let us try to make some content to the title of this subsection.
I could mean the standard fact that “presheaves are colimits of representa-

bles”: If X is a simplicial set, let the simplex category ∆X be the category of
representable objects over X (i.e., the objects of ∆X are maps ∆[n] → X,
and a morphism is a commutative diagram

∆[n]

��

����
��

��
��

X

∆[n′]

����������

where – by Yoneda – the vertical map is induced by a map [n] → [n′] ∈ ∆).
We have a functor ∆X → S sending ∆[n] → X to ∆[n], and a natural
isomorphism from the colimit of this functor to X.

However, what I really have in mind when writing the title is the following
fact:

Lemma 1.1.1 Let K ⊆ L be an inclusion of simplicial sets. Then there is a
functorial factorization

K = K(−1) ⊆ K(0) ⊆ K(1) ⊆ · · · ⊆
⋃

n≥−1

K(n) = L

such that K(i−1) ⊆ K(i) is gotten by “attaching cells”, i.e., it fits in a pushout
diagram

∐
∂∆[i] ⊆−−−−→

∐
∂∆[i]



�



�

K(i − 1) ⊆−−−−→ K(i)

Sketch Proof: By induction, we define K(i) such that Kn ⊆ Ln factors as
Kn ⊆ K(i)n = Ln for all n ≤ i as follows. Assume we have constructed
K(i− 1), and consider the complement Li \K(i− 1)i. By the Yoneda lemma
we may consider each element in Li \ K(i − 1)i as a map ∆[i] → L, and by
the assumption on K(i − 1) the composite ∂∆[i] ⊆ ∆[i] → L factors through
K(i − 1) ⊆ L.

Now define K(i) by means of the pushout in the statement of the lemma
where the coproduct is taken over Li \K(i− 1)i. Finally one must check that
the canonical map K(i) → L is an injection (and so can be chosen to be an
inclusion). �
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1.2 Lifting Properties and Factorizations

In this section we will meet our first argument involving lifting properties. It
is important because we look at an example which displays some standard
methods, and forms the cornerstone of homotopical algebra.

In homotopy theory one of the important issues are when we can lift or
extend maps. For instance, if a map f : ∂∆[n] → X in S can be extended to
a map ∆[n] → X, then |f | does not contribute to the homotopy of |X|. More
generally, given a (commutative) diagrams of the form

A

j

��

�� X

f

��
B �� Y

one may ask whether there is a map s : B → X making the following diagram
commutative

A

j

��

�� X

f .

��
B ��

s

���������
Y

We call such a map s a lifting of the original diagram. For instance, the class
of maps f : X → Y having the property that all diagrams of the form

∂∆[n]

incl.
��

�� X

f

��
∆ �� Y

for n ≥ 0 have liftings, are called trivial fibrations (not to be confused with
product fibrations: I am sorry about the unfortunate terminology). We refer
to the defining property of trivial fibrations as “the maps having the right
lifting property with respect to the inclusions ∂∆[n] ⊆ ∆[n]”, and we will
often display trivial fibrations by decorated arrows: ∼ �� �� .

Note 1.2.1 In view of Lemma 1.1.1, trivial fibration may be alternatively
classified as the maps having the right lifting property with respect to arbitrary
injections of simplicial sets.

Theorem 1.2.2 Any map f : X → Y ∈ S may be factored as an inclusion
followed by a trivial fibration

X
� � �� Z

∼ �� �� Y .

Furthermore, this factorization may be chosen functorially.
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Sketch Proof: Consider the set D1 of diagrams of the form

∂∆[n]

incl.
��

�� X

f

��
∆[n] �� Y

.

Let X1 be what you get if you “fill all these holes”, i.e., the pushout

∐
d∈D1

∂∆[nd]
∐

d∈D1
incl.

��

�� X

��∐
d∈D1

∆[nd] �� X1

.

Note that X → X1 is an inclusion. By the universal property of the pushout,
f factors through X → X1, and we can play the game over again, this time
to the induced map X1 → Y . The upshot is a chain

X = X0 ⊆ X1 ⊆ X2 ⊆ . . .

whose colimit (union) we call X∞. We let

X
ιf �� Zf

φf

∼
�� �� Y

be
X → X∞ → Y

Note that X → X∞ is an inclusion. The important thing is that X∞ → Y is
a trivial fibration.

To see this, we need to observe that ∂∆[n] is small (much more about small
objects later), which for our current purposes implies that a map ∂∆[n] → X∞
must actually factor through Xm ⊆ X∞ for some (possibly very big) integer
m.

So if we have a square of the sort

∂∆[n] ��

incl.
��

X∞

φf

��
∆[n] �� Y

and ask for a lifting, let m be such that ∂∆[n] → X∞ factors through Xm →
X∞ and notice that by the very construction of Xm+1 we have a commutative
diagram
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∂∆[n] ��

incl.
��

Xm

�� ����
��

��
��

�

∆[n] ��

		������������������� Xm+1

�����������
�� X∞

φf

��
Y

.

But since Xm+1 → Y factors through X∞ we have our desired lifting. �

1.3 Small Objects

The proof above exemplified what is known as the small object argument.
The simplest case is well known for sets.

Fact 1.3.1 (see e.g., [16]: “filtered colimits commute with finite limits”) If
X0 → X1 → . . . is a sequence of sets, and A a finite set, then the natural
function

lim
−→

(
XA

i

)
→

(
lim
−→

Xi

)A

is a bijection.

The full-fledged version used in homotopy theory these days often involves a
lot of big cardinals, but this is more than enough for our present purposes.

A finite simplicial set is a simplicial set with only finitely many non-
degenerate simplices. Examples include ∆[n] and all its sub simplicial sets.

Proposition 1.3.2 Let A be finite simplicial set and X(0) → X(1) → . . . a
sequence of simplicial sets. Then the natural map

lim
−→

S(A,X(i)) → S(A, lim
−→

X(i))

is a bijection.

Sketch Proof: Let us for simplicity assume that all the maps X(i) → X(i+1)
are inclusions (that is all we needed in 1.2.2 anyhow). Then the natural map
is perforce an inclusion, and we only need to show surjectivity.

Let f : A → lim−→ X(i) =
⋃

X(i) ∈ S. Every k-simplex in A must neces-
sarily map to X(i)k for some i depending on the simplex, but since there are
only finitely may non-degenerate simplices we may choose a specific i such
that they all map to X(i).

If x ∈ An is any simplex, there is a unique non-degenerate simplex y such
that x = φ∗y for some surjective φ ∈ ∆, and so f(x) = f(φ∗y) = φ∗f(y) must
also be in X(i) (since X(i) ⊆

⋃
X(j) is a simplicial map). �

Remark 1. We have the small object argument for any A ∈ S, provided the
cardinality of the indexing of the colimit is sufficiently big.
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1.4 Fibrations

There is one aspect which is more awkward in simplicial sets than in topo-
logical spaces, and we will try to explain this, and at the same time give a
definition of fibrations.

Definition 1.4.1 Let n and k be integers satisfying 0 ≤ k ≤ n > 0. The
kth-horn

Λk[n] ⊆ ∆[n]

be the sub-simplicial set generated by all faces of ∆[n] but the kth.

The inclusion of the horn, here illustrated with n = 2 and k = 0. The 0th horn is
generated by all faces but the 0th, which is the face opposite to the 0th-vertex

Obviously, the inclusion of the horn into the standard simplex is a weak
equivalence. If you realize, you get that |Λk[n]| ⊆ |∆[n]| is a deformation
retract:

The inclusion |Λ0[2]| ⊆ |∆[2]| is a deformation retract by the retraction illustrated

However, there is no retraction before realizing. This is the only bad thing
about simplicial sets, and unfortunately there is no pain-free cure.
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However, there is a large class of simplicial sets – called fibrant – that do
not have this problem. Fortunately, every simplicial set is weakly equivalent
to a fibrant simplicial set:

Definition 1.4.2 A map f : X → Y ∈ S is a fibration if it has the right lifting
property with respect to all the inclusions Λk[n] ⊆ ∆[n] for 0 ≤ k ≤ n > 0.

If X → ∗ is a fibration, we say that X is fibrant.

Example 1.4.3 1. If Y is a topological space, then sing Y is fibrant.
2. If M is a simplicial group, then the underlying simplicial set UM is fibrant

(essentially because you have inverses: see e.g., [6, I.3.4]).

Exercise 1.4.4 Prove that if Y ∈ T op, then sing Y is fibrant.

Exercise 1.4.5 Note that a trivial fibration actually is a fibration.

Fact 1.4.6 One may show that being a trivial fibration is equivalent to being
both a fibration and a weak equivalence.

Fact 1.4.7 Our definition of fibrations is equivalent to saying that a fibration
is a map which has the right lifting property with respect to injections that
are weak equivalences. To see this one has to show that inclusions that are
weak equivalences can be built out of the filling of horns (more precisely, they
are retracts of injections X(0) →

⋃
X(i) where each X(i − 1) → X(i) are

pushouts of disjoint unions of Λk[n] ⊆ ∆[n]’s).

Fact 1.4.8 Using the small object argument again we get that given any map
f : X → Y there exists a (functorial) factorization

X
� �

∼
ιf �� Zf

φf �� �� Y

of f into a inclusion that is a weak equivalence followed by a fibration.

Note 1.4.9 In the literature fibrations of simplicial sets are often referred to
as Kan fibrations and fibrant simplicial sets as Kan complexes.

Proposition 1.4.10 If i : A ⊆ B and f : X → Y is a fibration, then the
canonical map

(i, p)∗ : S(B,X) → S(B, Y ) ×S(A,Y ) S(A,X)

is a fibration. If either i or f are weak equivalences then so is (i, p)∗.
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Sketch Proof: We only prove the case A = ∅ and Y = ∗ since this is all we
need just now. In that case it reduces to showing that if X is fibrant, then so is
S(B,X), and if in addition X → ∗ is a weak equivalence, so is S(B,X) → ∗.

Consider a diagram of the sort

K −−−−→ S(B,X)


�



�

L −−−−→ ∗

.

Asking about liftings is the same as asking whether the map

S(L,S(B,X)) → S(K,S(B,X))

is surjective, which is the same as asking whether

S(B ∧ L,X) → S(B ∧ K,X)

is surjective, which is the same as asking about liftings in the diagram below

K ∧ B −−−−→ X


�



�

L ∧ B −−−−→ ∗

.

But if K → L is injective or a weak equivalence, then so is K ∧ B → L ∧ B
(injectivity is obvious, and weak equivalence may be seen by realizing). So
since X is fibrant we get liftings for all injections K → L that are weak
equivalences. If in addition X → ∗ is a weak equivalence we get liftings for all
inclusions by 1.4.6. �

Proposition 1.4.11 (the Whitehead theorem) If X,Y ∈ S are fibrant and
f : X → Y is a weak equivalence, then f is a homotopy equivalence.

Sketch Proof: By factorization, we may assume that f is either a trivial
fibration or both an injection and a weak equivalence (that this works needs
a slight checking). Assume first f is a trivial fibration (in which case it is not
needed that X and Y are fibrant). Then there is a lifting s : X → Y in the
diagram

∅ −−−−→ X


� 	



�f

Y Y

and we must show that s is a homotopy inverse. By construction fs is the
identity, but what about sf? Consider the diagram
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X
∐

X
sf+idX−−−−−→ X



� 	



�f

X × ∆[1]
f prX−−−−→ Y

.

The left vertical map is the inclusion induced by ∂∆[1] ⊆ ∆[1], and since f
is a trivial fibration we get a lifting of the homotopy, giving us the desired
homotopy X × ∆[1] → X from sf to the identity.

On the other hand, assume that f is an inclusion and a weak equivalence.
Then the diagram

X X

f



�



�

Y −−−−→ ∗
has a lifting p : Y → X since X is fibrant. We must show that fp is homotopic
to the identity. Consider the diagram

Y
∐

X(X × ∆[1])
∐

X Y
fp+f prX+idY−−−−−−−−−−→ Y



�



�

Y × ∆[1] −−−−→ ∗

.

Again we get a lifting (since Y is fibrant and the left vertical map is
an injection and a weak equivalence), and the desired homotopy is estab-
lished. �

Example 1.4.12 Check that the above proof using factorizations give a proof
in general.

2 Combinatorial Homotopy Groups

We are now in a position to define homotopy groups for simplicial sets entirely
within S without reference to topological spaces. This can be done in one of
many ways, the first we present is not very constructive since it involves the
small object argument. The second is leaner and involves Kan’s particular
“fibrant replacement functor Ex∞.

2.1 Homotopies and Fibrant Objects

Consider the path relation between vertices discussed in 3.0.2. There we men-
tioned that generally symmetry and transitivity was was a problem. This is
not so for fibrant X.
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x

v x

yw

The symmetry and reflexivity of the path relation in fibrant objects

Exercise 2.1.1 Prove that in fibrant simplicial sets the path relation is an
equivalence relation.

x

s  d  x0 1 v

x

yw

The idea of the proof: give 1-simplices x and y with d0x = d1y, find 2-simplices in
X with the desired boundary

This opens for the definition:

Definition 2.1.2 If X ∈ S∗ is fibrant, then

πqX = π0S∗(Sq,X) .

Exercise 2.1.3 Prove that π1X is a group. If you are really industrious you
may want to show directly that πqX is an abelian group for q > 1.

Lemma 2.1.4 If X ∈ S∗ is fibrant, then there is a natural isomorphism
πqX ∼= π∗|X|.

Sketch Proof: Since X is fibrant we have by 1.4.11 that the weak equiv-
alence X → sing |X| is a homotopy equivalence, and so that S∗(Sq,X) →
S∗(Sq, sing |X|) ∼= sing

(
|X||Sq|) is a homotopy equivalence. Hence they have

the same π0, giving the desired result. �
So if X ∈ S∗ we can choose any (pointed) weak equivalence X

∼→ Y with
Y fibrant and define the homotopy groups of X to be those of Y . Of course,
we want the choice of Y to be functorial, and one way is to use the functorial
factorization of X → ∗ into a weak equivalence that is an inclusion followed
by a fibration. Another way is to simply let Y = sing |X|.
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Exercise 2.1.5 Let f : X → Y be a fibration and y ∈ Y0, and define the fiber
over y to be the simplicial set F gotten by the pullback

F −−−−→ X


� f



�

∗ y−−−−→ Y

(i.e., F ∼= f−1(y)). Prove that F is fibrant. In addition, if X and Y also are
fibrant and X and F are pointed in an x ∈ f−1(y), prove the long exact
sequence

· · · → πn+1Y → πnF → πnX → πnY → · · · → π0Y .

Exercise 2.1.6 Use the fact that the result of the last exercise is true for
arbitrary fibrations to prove that if f : X → Y is a trivial fibration, then f is
a weak equivalence.

Exercise 2.1.7 Prove that if G is a simplicial group, then the path relation
is an equivalence relation [in fact: G is fibrant]. Prove that π0G is a group.
Prove that S∗(Sq, G) is a simplicial group.

2.1.8 Subdivisions and Kan’s Ex∞

For completeness we present Kan’s Ex∞ which is a particularly compact “fi-
brant replacement functor” related to the small object argument. We refer to
[6, III4] for proofs of the claims presented in this section.

Consider the category Inj with objects the finite subsets of N, and with
morphisms the inclusions (this is equivalent to the subcategory of ∆ of all
injective maps, but the combinatorics becomes easier this way).

The over category Injn is the category whose objects are subsets S ⊆
{0, 1, . . . , n} and where there is a single morphism from T ⊆ {0, 1, . . . , n} to
S ⊆ {0, 1, . . . , n} if T ⊆ S ⊆ {0, 1, . . . , n}

For every φ : [n] → [m] ∈ ∆ we get a functor φ∗ : Injn → Injm by sending
S ⊆ {0, 1, . . . , n} to φ(S) ⊆ {0, 1, . . . ,m} making

[n] → Injn

a cosimplicial category. The functor Injn → [n] sending {i0, . . . , iq} ⊆
{0, 1, . . . , n} to iq ∈ [n] becomes a map of cosimplicial categories when [n]
varies.

For any simplicial set X Kan then defines

Ex(X) = {[q] �→ S(N(Injq),X)}

This is a simplicial set, and N(Injq) → N [q] = ∆[q], defines an inclusion
X ⊆ Ex(X). Set

Ex∞X = lim−→
k

Ex(k)(X) .
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Fact 2.1.9 Kan’s subdivision functor Ex∞ is a fibrant replacement functor,
i.e.,

1. The inclusion X ⊆ Ex∞X is a weak equivalence (pointed if X is pointed).
2. Ex∞X is fibrant.

Kan then defines the homotopy groups of X without reference to topolog-
ical spaces via

πqX = π0S∗(Sq, Ex∞X) .



III

Model Categories

We are interested in homotopy theory in a variety of categories, and we want to
compare these. There is an efficient machinery due to Quillen, which encodes
this structure. We have used this language in our discussion of simplicial
sets. In addition to weak equivalences (which is all that is needed to form
the homotopy category) we have fibrations and cofibrations satisfying certain
axioms. This structure ensures that the homotopy category actually exists,
but more importantly it encodes the deeper homotopical structures, making
a large class of arguments formal. It also makes comparison between different
homotopical structures more transparent.

In particular, we are interested in functor categories. If I is a small category
and M is a category “in which we know how to do homotopy theory”, how
can we do homotopy theory in the category of functors from I to M? This
question does not have a unique answer (which is a good thing since that
different answers are serviceable in different situations), but there is still much
we can say.

0.1 Liftings

As discussed at the beginning of the previous chapter, the formal side of
homotopy theory is all about liftings.

Definition 0.1.1 Let M be a category, and i : A → B and p : X → Y be two
maps in M. We say that p has the right lifting property with respect to i (and
that i has the left lifting property with respect to p) if for all commutative
diagrams

A

i

��

�� X

p

��
B �� Y

in M, there is a map s : B → X ∈ M making the following diagram commu-
tative
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A

i

��

�� X

p

��
B ��

s

���������
Y

1 The Axioms

A model category is a category equipped with (more than) enough structure
to do homotopy theory. The axioms are good in the sense that they apply to
most of the situations we could imagine desirable, and still they are strong
enough to carry important information.

Given the complexity of the axioms, it is perhaps surprising that they have
not changed significantly during the 35 years that have passed since Quillen
first proposed them. It is perhaps even more surprising that the modifications
that have been suggested all have tended to make the axioms even more
restrictive.

We give the version most common these days, following [4], see also [8].
Hovey [9] insists on a choice instead of merely existence in the factorization
axiom M5 below:

Definition 1.0.1 A model category is a category M together with three
classes of maps cofM (the cofibrations), fibM (the fibrations) and wM (the
weak equivalences) satisfying the following axioms:

M1: (Limit axiom) The category M is (co)complete (i.e., has all small
(co)limits).

M2: (Two out of three axiom) If

X
g−−−−→ Y

f−−−−→ Z ∈ M
and two of f , g and fg are weak equivalences, then so is the third.

M3: (Retract axiom) If the map g ∈ M is a retract of h ∈ M and h is in
cofM, fibM or in wM, then so is g.

M4: (Lifting axiom) The cofibrations have the left lifting property with re-
spect to the maps in fibM∩wM (the trivial fibrations) and the fibrations
have the right lifting property with respect to the maps in cofM∩wM
(the trivial cofibrations).

M5: (Factorization axiom) If g : X → Y ∈ M there exist functorial factor-
izations

Zg

fg



 

�
��

��
��

�

X
g ��

��

ig

∼

��							





jg 














Y

Wg

pg

∼
�� ����������
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where ig is a trivial cofibration, fg is a fibration, jg is a cofibration and
pg is a trivial fibration.

Note 1.0.2 Note that a model category always have initial and final objects.
An object for which the unique map from the initial object is a cofibration is
said to be cofibrant, and – dually – an object for which the unique map to the
final object is a fibration is said to be fibrant.

Theorem 1.0.3 The categories S, S∗, A, T op, T op∗ and Spt “are” model
categories.

By saying that they “are” model categories we mean that the categories
have choices of subcategories which make them into model categories, and the
weak equivalences are what you think they are.

To be a bit more precise:

1. (S and S∗) The injections in S and S∗ are the cofibrations (so all objects
are cofibrant) and the weak equivalences and fibrations were discussed in
the previous chapter.

2. (T op and T op∗) The fibrations are the maps f such that sing f are fibra-
tions (a.k.a. “Serre fibrations”), the weak equivalences are those inducing
isomorphisms on π∗ and the cofibrations are those that have the left lifting
property with respect to the trivial fibrations. All objects are fibrant.

3. (A) A map f ∈ A = sAb is a weak equivalence (resp. fibration) if it is so
when forgetting down to S. The cofibrations are those with the left lifting
property with respect to the trivial fibrations. All objects are fibrant (a
map X → Y is a fibration if the map X → Y ×π0Y π0X is a surjection, and
the cofibration condition is very closely associated with free generation of
non-degenerate elements).

4. (Spt) A map in Spt is a weak equivalence if it is a stable equivalence. The
fibrations and cofibrations will be discussed in Sect. 5.

1.1 Simple Consequences

The axioms are stated in a form intended to make them easy to check. In
practice, you often know that the category in question is a model category,
and then it is better to know some of the implications.

Exercise 1.1.1 (see e.g., [8, 7.2]).

1. Let g : X → Y ∈ M be factored as g = pi where p has the right lifting
property with respect to g. Show that g is a retract of i.

2. A map is in cofM (resp. cofM∩wM) if and only if it has the left lifting
property with respect to the maps in fibM∩wM (resp. fibM). A map is
in fibM (resp. fibM∩wM) if and only if it has the right lifting property
with respect to the maps in cofM∩ wM (resp. cofM).

3. Two of cofM, fibM and wM determine the third.
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4. The classes of maps cofM, fibM and wM form subcategories of M con-
taining all objects (and all isomorphisms).

5. If
A

i−−−−→ C

g



� f



�

B
j−−−−→ D

is a commutative square in M we have that
a) if the square is a pushout square and i is a (trivial) cofibration, then

so is j.
b) if the square is a pullback square and f is a (trivial) fibration, then

so is g.

Note 1.1.2 On terminology: In [21] Quillen only required finite (co)limits,
used a weaker version of the lifting Axiom 1.0.14 (reserving the term closed
model category for the current version) and did not require that the factoriza-
tions in the factorization Axiom 1.0.15 had to be functorial.

He used the terms trivial (co)fibration in [21] and [19], but switched to
acyclic (co)fibration in [20] (where he states that ’ ”acyclic” is much preferable
to the term “trivial” ’). You will see both forms in the literature, and there are
good arguments against both.

One of the most useful technical tools in model categories has become
known as Ken Brown’s lemma (earlier each new generation of students reading
Quillen’s works had to rediscover this lemma for themselves, but nowadays it
is on the standard repertoire). We include the proof since it is a good example
of the axioms at play.

Lemma 1.1.3 Let M be a model category. If f : A → B is a map between
cofibrant objects, then there exists a (functorial) diagram

A
f ��




if



�
��

��
��

B

Cf

pf

∼

�� ���������
B��

∼
jf��

=

��

where if is a cofibration, pf is a trivial fibration and jf a trivial cofibration.
Dually, if f : A ← B is a map between fibrant objects, then there exists a

(functorial) diagram

A B
f��

��
If

∼
����

��
��

�
=

��
Zf

Pf





�������

∼
Qf �� �� B

where If is a trivial cofibration, Pf is a fibration and Qf a trivial fibration.



Algebraic Topology 45

Sketch Proof: We prove only the first part. Using the factorization axiom
M5, factor the map

f + idB : A
∐

B → B

into a cofibration followed by a trivial fibration

A
∐

B �� �� Cf
pf

∼
�� �� B

Since A and B are cofibrant, and cofibrations are closed under pushouts by
1.1.1.5, both the canonical maps A → A

∐
B ← B are cofibrations. Noting

that the diagram
A
��

��

f

��
























A
∐

B �� �� Cf
pf

∼
�� �� B

B

��

��

idB

�������������������������

commutes, we are done (use that compositions of cofibrations are cofibrations
(1.1.1.4) and the two out of three axiom M2). �
As an immediate consequence we have:

Corollary 1.1.4 A functor F : M → N between model categories that pre-
serve trivial cofibrations sends weak equivalences between cofibrant objects to
weak equivalences.

1.2 Proper Model Categories

Definition 1.2.1 Let M be a model category. We say that M is left proper
if for all pushout diagrams

A
��
i

��

f

∼
�� B

��

��
C

g �� D

with i a cofibration and f a weak equivalence, g is a weak equivalence.
Dually, M is right proper if for all pullback diagrams

A

����

g �� B

p
����

C
f

∼
�� D

with p a fibration and f a weak equivalence, g is a weak equivalence.



46 B. I. Dundas

If M is both left and right proper, we say that M is proper.

Example 1.2.2 The model category structures on S, S∗, A, T op, T op∗ and
Spt are all proper (see e.g., [8, 11.1], which also implies the case A = sAb.
For spectra, see [1]).

For future reference we include the following definition

Definition 1.2.3 In a model category a (commuting) square

A −−−−→ B


�



�

C −−−−→ D

is a homotopy pullback square if for the functorial factorizations B
∼� X � D

and C
∼� Y � D (into trivial cofibrations followed by fibrations) the canonical

map A → X ×D Y is a weak equivalence. The homotopy pullback is the object
X ×D Y .

The good thing about homotopy pullbacks in (right) proper model cate-
gories is that they are homotopy invariant, and if the square in the definition
were already a (categorical) pullback diagram and B → D a fibration, then it
would be homotopy cartesian, see [8].

1.3 Quillen Functors

The morphisms in “the category of model categories” is not what you first
come to think about (namely a functor preserving all the structure: this is
much too rigid).

Definition 1.3.1 Let M and N be model categories. A (left) Quillen functor
from M to N is a functor F : M → N such that

• F has a right adjoint
• F preserves cofibrations and trivial cofibrations.

A Quillen functor F with right adjoint G is called a Quillen equivalence if for
all cofibrant A ∈ M and fibrant X ∈ N the bijection

M(A,GX) ∼= N (FA,X)

restricts to a bijection

wM(A,GX) ∼= wN (FA,X)
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Example 1.3.2 1. The realization S → T op is a Quillen equivalence (see
below)

2. The adding base point gives a Quillen functor (−)+ : S → S∗.
3. The free functor Z̃ : S∗ → A is a Quillen functor.
4. The suspension spectrum gives a Quillen functor Σ∞ : S∗ → Spt.

Fact 1.3.3 If both a Quillen functor F and its right adjoint G preserve weak
equivalences, F is a Quillen equivalence if and only if for all cofibrant and fi-
brant objects A ∈ M and cofibrant and fibrant objects X ∈ N the adjunction
maps

A → GFA and FGX → X

are weak equivalences.

From this we see

Theorem 1.3.4 The realization S → T op is a Quillen equivalence.

Exercise 1.3.5 Prove that the right adjoint of a (left) Quillen functor pre-
serves fibrations and trivial fibrations.

2 Functor Categories: The Projective Structure

Definition 2.0.1 Let C be a small category, and consider the category SC

of functors C → S. Call a natural transformation X → Y ∈ SC a pointwise
weak equivalence (resp. pointwise fibration) if for every c ∈ C the map X(c) →
Y (c) ∈ S is a weak equivalence (resp. fibration).

A cellular inclusion is a composite

X(0) → X(1) → · · · → lim−−→
i∈N

X(i)

where each X(i) → X(i + 1) is the pushout along a disjoint union of maps

∂∆[n] × C(c,−) ⊆ ∆[n] × C(c,−)

for c ∈ C and n ≥ 0.

Theorem 2.0.2 (see e.g., [2, p. 314]) The above gives a model category struc-
ture, called the projective structure, on SC in which a map is a cofibration iff
it is a retract of a cellular inclusion.

Sketch Proof: One proof follows the line of the same claim for S (which relies
on facts about the realization functor as discussed in the previous chapter).
Alternatively one can use a lifting lemma approach as in [4]. �
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Note 2.0.3 For the application to motivic homotopy theory (see Chap. IV),
this is not the model structure on the simplicial presheaves Sm/Sop → S∗
usually considered. However, it is quite useful e.g., when considering spectra
through motivic functors, partially because it is much “smaller” than the one
considered by Jardine, Morel and Voevodsky (in which the cofibrations are the
injections).

3 Cofibrantly Generated Model Categories

There was one particularly cool thing about simplicial sets which we employed
many times: that the “building blocks” for (trivial) cofibrations were easy to
cope with.

Definition 3.0.1 Let I be a set of the morphisms in a cocomplete category
M. We let

1. I−inj be the set of morphisms in M having the right lifting property with
respect to the maps in I,

2. I−cof be the set of morphisms in M having the left lifting property with
respect to the maps in I−inj. The elements of I−cof are referred to as
I-cofibrations.

Previously when we discussed the small object argument, it referred to
colimits indexed over the natural numbers. In what follows we will have to
allow colimits over larger ordinals (satisfying the property that for all limit
ordinals γ the map lim−−→

β<γ
X(β) → X(γ) is an isomorphism), but we refer to

the literature for making this transfinite mumbojumbo precise e.g., [9, 2.1].
That a set I of maps permits the small object means that the domains of

the maps are small with respect to (transfinite) compositions of pushouts of
coproducts of maps in I (a.k.a. I-cell).

Definition 3.0.2 A cofibrantly generated model category is a model category
M in which there exists

1. a set I of cofibrations which permits the small object argument and for
which the cofibrations and I-cofibrations coincide.

2. a set J of trivial cofibrations which permits the small object argument
and for which the trivial cofibrations and J-cofibrations coincide.

Example 3.0.3 All the model categories we have discussed so far are cofi-
brantly generated.

Lemma 3.0.4 (Recognition principle). Let M be a (co)complete category
with a subcategory wM ⊆ M which is closed under retracts and satisfies
the two-out-of-three axiom. Call the morphisms in wM weak equivalences.
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Let I and J be sets of maps in M. Call the maps in I−cof (resp. J−inj)
cofibrations (resp. fibrations) and the maps in J−cof (resp. I−inj) trivial
cofibrations (resp. fibrations).

Assume that

1. I and J permit the small object argument;
2. the trivial cofibrations are both cofibrations and weak equivalences and the

trivial fibrations are both fibrations and weak equivalences;
3. and either all maps that are both cofibrations and weak equivalences are

trivial cofibrations, or all maps that are both fibrations and weak equiva-
lences are trivial fibrations.

Then this structure defines a cofibrantly generated model structure on M.

Sketch Proof: The first Axioms 1–3 follow automatically. The small object
argument then gives 5. The third condition then implies one of the halves of 4
while the other follow from 5 and a retraction argument as in 1.1.1.1 (showing
e.g. that all maps that are both weak equivalences and cofibrations necessarily
are retracts of trivial cofibrations, and hence trivial cofibrations) �

Let C be a small category, and consider the category SC of functors C → S.
Call a natural transformation X → Y ∈ SC a pointwise weak equivalence (resp.
pointwise cofibration) if for every c ∈ C the map X(c) → Y (c) ∈ S is a weak
equivalence (resp. cofibration).

Theorem 3.0.5 (Heller, see [4]) The structure above gives rise to a model
category structure on SC which is Quillen equivalent to the projective structure
2.0.2 through the identity map (from the projective to the current).

Lemma 3.0.6 (Lifting lemma). Let M be a cofibrantly generated model cat-
egory, and let I (and J) be sets of generating (trivial) cofibrations. Let C be a
(co)complete category and

C
L

�
R

M

be a pair of adjoint functors such that LI and LJ admit the small object
argument and such that Rf is a weak equivalence for every f ∈ LJ−cof.

Then C has a cofibrantly generated model structure with where a map f ∈ C
is a weak equivalence (resp. fibration) if Rf ∈ M is. Furthermore the sets LI
and LJ are generating (trivial) cofibrations and L is a Quillen functor.

Sketch Proof: Use the recognition Principle 3.0.4. �

Exercise 3.0.7 Use the lifting lemma to prove that the structure on A given
in the explanation following Theorem 1.0.3 actually is a model structure.
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4 Simplicial Model Categories

It is often the case that the set of maps assemble to a function space (or
simplicial set), and that the model structure conforms nicely with the homotpy
theory of these function spaces. In these cases many things become somewhat
more transparent.

Definition 4.0.1 An S-category C is a class of “objects” obC together with a
simplicial set

C(A,X) ∈ S
for each pair of objects A,X ∈ obC with a unital and associative composition
(the usual axioms for a category, just allowing morphism sets to be simplicial
sets).

Note 4.0.2 An S-category C has an underlying category C by letting

C(A,X) = C(A,X)0 .

Note that it takes no effort to replace S by similar animals like S∗ or A, giving
rise to parallel theories.

Exercise 4.0.3 Give a definition of an S-functor, which you think will be
useful.

Definition 4.0.4 A S-category is tensored and cotensored if for all X ∈ C
the functor

Y �→ C(X,Y )

has a left adjoint K �→ X ⊗ X, and if K �→ X ⊗ K has a right adjoint
(everything natural).

Definition 4.0.5 A simplicial model category is a tensored and cotensored S-
category M with a model category structure on the underlying category, such
that for all cofibrations i : A � B and fibrations p : X � Y , the canonical
map

(i, p)∗ : M(B,X) → M(B, Y ) ×M(A,Y ) M(A,X) ∈ S
is a fibration, and that furthermore, if in addition either i or p are weak
equivalences, then so is (i, p)∗.

Note 4.0.6 Quillen referred to the “tensored and cotensored” part as axiom
SM0 and to the condition on the map (i, p)∗ as axiom SM7. The terminology
“simplicial model category” is obviously unfortunate, as one would think that
it referred to a functor from ∆op to some category of model categories, but the
terminology is well established.
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Note 4.0.7 In simplicial model categories we have the notion of (simplicial)
homotopy at our disposal. This means that we have means of detecting weak
equivalences at the function space level.

Proposition 4.0.8 (see e.g., [8, 10.5.1]) Let M be a simplicial model cate-
gory. A map f : Y → Z is a weak equivalence if either of the following condi-
tions are satisfied:

1. For every fibrant object X ∈ M the induced map

M(Z,X) → M(Y,X) ∈ S

is a weak equivalence.
2. For every cofibrant object A ∈ M the induced map

M(A, Y ) → M(A,Z) ∈ S

is a weak equivalence.

In the case where both Y and Z are cofibrant the first condition is necessary
and sufficient. Likewise with fibrant vs. the latter condition.

5 Spectra

As we discussed in I.6, in topology spectra are the necessary device for ap-
plying homotopy theory on the collection of cohomology theories. This is also
true in motivic homotopy theory; in order to study cohomology theories like
motivic cohomology and algebraic K-theory we introduce spectra. An inter-
esting thing is what replaces the circle: spectra study “stable” phenomena, i.e.,
smashing with the circle shall be an equivalence of homotopy categories. In
order to study this effectively we present a model structure on the category
of spectra making this true.

5.1 Pointwise Structure

This structure is just a technical device, preparing the ground for the stable
model structure.

Definition 5.1.1 A pointwise weak equivalence (resp. fibration) of spectra is
a map X → Y ∈ Spt such that for every n ≥ 0 the map Xn → Y n is a weak
equivalence (resp. fibration) in S∗. A cofibration is a map with the left lifting
property with respect to the maps that are both pointwise equivalences and
pointwise fibrations.

Exercise 5.1.2 The pointwise structure is a model category.
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Note 5.1.3 As a matter of fact, Spt is isomorphic to a functor category
[SS1 ,S∗] if one allows the enrichment in S∗ to play a rôle (see e.g., [8, 9.6.2]).
The model structure follows from the simplicial analog of the projective struc-
ture discussion above. The cofibrations are of the form R(−) ∧ ∂∆[n]+ →
R(−) ∧ ∆[n]+ where R runs over the representable functors, and likewise for
the trivial cofibrations.

To be explicit, the objects of SS1 are the Sn’s for n ≥ 0, and

SS1(Sn, Sn+k) =

{
Sk if k ≥ 0
∗ otherwise

(the composition is obtained from the natural isomorphisms Sk ∧ Sl ∼= Sk+l).
Both symmetric spectra [11] and simplicial functors [15] can be treated in

the same manner, making comparison easier.

5.2 Stable Structure

Definition 5.2.1 A stable fibration is a map in Spt with the right lifting
property with respect to all cofibrations that are stable equivalences I.6.3.3.
The stable structure on Spt consists of the stable equivalences, the stable
fibrations and the cofibrations.

Proposition 5.2.2 (see [1]) The stable structure defines a model category
structure on Spt.

Note 5.2.3 [15] This model structure is cofibrantly generated: the generating
cofibrations are the same as for the pointwise structure. The generating triv-
ial cofibrations are given as follows using the notation of 5.1.3: consider the
evaluation map

evn : SS1(S1 ∧ Sn,−) ∧ S1 ∼= SS1(S1,SS1(Sn,−)) ∧ S1 → SS1(Sn,−)

and let sn be the inclusion of SS1(S1∧Sn,−)∧S1 into the mapping cylinder of
evn. Let the generating trivial cofibrations be the generating trivial cofibrations
from the pointwise structure plus all the sns.

Let
(QX)n = lim−→

i

sing Ωi|Xi+n| .

Note that this defines a spectrum, and there is a canonical map X → QX.

Exercise 5.2.4 Check the details about QX.

This construction is occasionally referred to as “spectrification”. The im-
portant property of QX is that it is an Ω-spectrum, i.e., the adjoint (QX)n →
Ω(QX)n+1 is a weak equivalence.
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Fact 5.2.5 (see [1]) A map X → Y ∈ Spt is a stable fibration if and only if
it is a pointwise fibration such that for all n ≥ 0 the square

Xn −−−−→ (QX)n



�



�

Y n −−−−→ (QY )n

is a homotopy pullback 1.2.3 (which means in this situation that the canonical
map from Xn to the pullback of the rest of the diagram is supposed to be a
weak equivalence).



IV

Motivic Spaces and Spectra

As our last application of the machinery discussed in these talks, we come
to an approach to the main topic of this summer school: motivic spaces and
spectra.

We first discuss the spaces and then the spectra (both very briefly). I
emphasize that this is just one approach, and that there are many others giving
roughly the same result. The aim of this chapter is to show how the techniques
we have discussed give a streamlined construction, and leave applications and
algebro-geometric content to the other lectures. See [22] for a more thorough
discussion and [13] for background from algebraic geometry.

1 Motivic Spaces

Let S be a Noetherian scheme and let Sm/S be the category of smooth scheme
of finite type over S. Let MS be the category of pointed simplicial presheaves
on Sm/S, i.e., functors (Sm/S)op → S∗. This category is referred to as the
(motivic) category of spaces, and is the basic object of study in this section.

We will provide MS = S(Sm/S)op

∗ with several model category structures.
Eventually we will have one whose homotopy category is worthy of the name
the unstable motivic homotopy category. This is but one of many categories
that can bear this name, but they are all Quillen equivalent, and the one we
are going to present requires the least machinery.

We will study this category and also its functors briefly, before we go on
to stabilize and so have motivic spectra in the next section.

Theorem III.2.0.2 provides a model structure on MS = S(Sm/S)op

∗ , called
the projective structure. Furthermore (like any other functor category into
S∗), MS has a smash product: if X,Y ∈ MS , then

(X ∧ Y )(U) = X(U) ∧ Y (U)

and an internal morphism object
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MS(X,Y ) ∈ MS

right adjoint to the smash, and this satisfies the property corresponding to
III.4.0.5, just that the morphism objects stays within MS (they are motivic
spaces, not just spaces). We say that MS is a monoidal model category.

However, the projective structure is definitely not the structure we are
interested in on MS . Firstly we have to take into account some topology, and
secondly we will want the affine line to be contractible. This can be fixed as
follows. The ideology is that we specify the fibrant objects as those objects
having some desired property – at least up to homotopy – and model weak
equivalences and cofibrations on them.

The topology we will consider here is the so-called Nisnevich topology (see
[13] for this and other notions pertaining to algebraic geometry such as smooth,
étale and reduced).

Definition 1.0.1 A space X ∈ MS is locally fibrant if

1. X(∅) = ∗,
2. for all U ∈ Sm/S the pointed simplicial set X(U) is fibrant, and
3. for all pullback squares

P −−−−→ Y


�



�φ

U
i−−−−→ Z

∈ Sm/S

where φ is étale, i is an open imbedding and φ(Z − U) → Z − U is an
isomorphism in the reduced structure, the induced square

X(P ) ←−−−− X(Y )
�



�



X(U) ←−−−− X(Z)

∈ S∗

is a homotopy pullback square (see III.1.2.3).

So, X is locally fibrant if it is a “Nisnevich sheaf up to homotopy”.
For any X ∈ MS let ∗ � KX

∼� X be a functorial factorization (in the
projective structure) of the canonical map ∗ → X ∈ MS .

Definition 1.0.2 A map X → Y ∈ MS is a local equivalence if for all locally
fibrant Z the map

MS(KY,Z) → MS(KX,Z)

is a pointwise equivalence. A map is a local cofibration if it is a projective
cofibration, and a local fibration if it has the right lifting property with respect
to to the local trivial cofibrations.
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Note 1.0.3 The local structure is a model category, and on locally fibrant
objects local weak equivalences are detected pointwise.

1.1 The A1-Structure

In algebraic geometry the affine line A1 plays the rôle of the unit interval. We
want the unit interval to be contractible, and again we let the fibrant objects
be the “good ones”.

Definition 1.1.1 An A1-fibrant object is a locally fibrant object X ∈ MS

such that
X(A1 ×S −) → X

is a pointwise weak equivalence.
An A1-equivalence is a map X → Y ∈ MS such that for all A1-fibrant Z

the map
MS(KY,Z) → MS(KX,Z)

is a pointwise weak equivalence (where K is the cofibrant replacement functor
in the pointwise structure).

A map is an A1-cofibration if it is a local cofibration (i.e., a projective
cofibration) and an A1-fibration if it has the right lifting property with respect
to the trivial A1-cofibrations.

This is called the A1-structure on MS and

Theorem 1.1.2 The A1-structure on MS is a model category whose homo-
topy category is equivalent to the “unstable homotopy category” of Voevodsky’s
lecture.

We will refer to MS with the A1-structure as “the category of spaces”
where “pointed” and “motivic” may be inserted if clarity demands it.

2 Motivic Functors

2.1 Two Questions

1. How can one study (co)homology theories in MS (with multiplicative
structures) such as motivic cohomology?

2. More generally: How does one study MS-valued “continuous” and A1-
homotopy invariant functors?

Remark 1. 1. The relevant multiplicative structure comes from the (point-
wise) smash. Motivic homology theories must be stable under smashing
with the Tate object

T = S1 ∧ Gm .

where Gm is A1 − {0} pointed at 1.
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2. Homology theories should commute with filtered colimits. We only define
them on the category fMS ⊆ MS of finite spaces.

A common answer to the above questions may be found by studying the
category

FS

of “continuous” functors X : fMS → MS . Continuous means that X induces
a map of morphism spaces MS(v, w) → MS(X(v),X(w)) ∈ MS (not just on
the underlying sets). Such functors are referred to by the category theorists as
“enriched functors”. You have seen before how this is useful when we discussed
the Eilenberg-Mac Lane spectrum, and got a map X∧ Z̃[Y ] → Z̃[X∧Y ]. This
is done by noting that Z̃ – when considered as a functor on S∗ – induces maps
on function spaces, so that you get a chain

S∗(X ∧ Y,X ∧ Y ) ∼= S∗(X,S∗(Y,X ∧ Y ))

→ S∗(X,S∗(Z̃[Y ], Z̃[X ∧ Y ])) ∼= S∗(X ∧ Z̃[Y ], Z̃[X ∧ Y ]) .

So if you start with the identity X ∧ Y = X ∧ Y you end up with the
desired map. This is the underlying idea for the connection between continuous
functors X and spectra: you have maps S1 ∧ X(Sn) → X(Sn+1), and so
n �→ X(Sn) defines a spectrum.

2.2 Algebraic Structure

A successful study of homology theories and homotopy functors must take
care of multiplicative properties. This is provided to us by

Theorem 2.2.1 (Day) The category FS has an internal morphism object and
an adjoint associative, commutative and unital smash. The smash of X and
Y is built as a filler (up to natural transformation) in

fMS × fMS

(u,v)�→X(u)∧Y (v) ��

(u,v)�→u∧v

��

MS

fMS

v �→(X∧Y )(v)

�����������

.

Day would say that FS is a “closed symmetric monoidal category” (and he’d
be quite right: look it up in your Mac Lane, where you can check up on Kan
extensions while you’re at it).

Although this definition is rather abstract, in the situations you actually
need the smash product it is easy to interpret: the set of maps X ∧ Y → Z is
in one-to-one correspondence with the set of maps X(u) ∧ Y (v) → Z(u ∧ v)
that are natural in u, v. Compare this with the interpretation of the tensor
product in terms of bilinear maps.
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This is useful since algebras in FS are modelled with ∧ just as rings are
modelled in Ab by means of the tensor product. The motivic functor corre-
sponding to the integers is the motivic sphere spectrum This is simply the
inclusion

S : fMS → MS .

The multiplication comes in form of an isomorphism S∧S ∼= S. This isomor-
phism is part of a natural isomorphism S ∧ X ∼= X for any X ∈ FS coming
automatically from Day’s setup since for any u, v ∈ fMS the continuity of X
provides us with a map u ∧ X(v) → X(u ∧ v).

Just as for the ring of integers is initial among rings, the motivic sphere
spectrum S is the initial algebra in FS :

Definition 2.2.2 An S-algebra (in FS) is a continuous functor A ∈ FS to-
gether with maps S → A (unit) and A ∧ A → A (multiplication) satisfying
the usual associativity and unitality conditions.

With this definition in place, the reader can guess what the definition of
A-modules should be, opening up for a algebraic study of the structure of
motivic functors.

There are many important S-algebras beside S itself. The three most
prominent are algebraic K-theory, algebraic cobordism theory and the mo-
tivic Eilenberg-Mac Lane spectrum. As an example we provide some details
on the latter.

2.3 The Motivic Eilenberg-Mac Lane Spectrum

Recall the category CorS of correspondences. Its objects are the same as
Sm/S, but

CorS(U, V ) =
Z{closed irreducible C ⊆ U×V finite and surjective over a component of U}.

Let TrS be the category of (linear) presheaves Corop
S → A = sAb. The graph

induces a functor
Sm/S → CorS ,

and also a functor u : TrS → MS . This last functor has a left adjoint

γ : MS → TrS

and γ sends the smash in MS to a slightly more complicated tensor which
resides in TrS .

We define
MZ : fMS → MS

to be the composite
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fMS ⊆ MS
γ−−−−→ TrS

u−−−−→ MS .

The unit map S → MZ is induced by the unit of adjunction 1 → uγ, and
the multiplication MZ ∧ MZ → MZ comes from the maps uγ(v ∧ w) ∼=
u(γv⊗γw) → uγ(v)uγ(w) which the reader may think of as beefed-up versions
of the corresponding maps for the free-forgetful pair between abelian groups
and sets.

2.4 Wanted

Model structures on FS = {continuous functors fMS → MS} that lift to
structures on the categories of algebras and their modules.

It should be noted that such a structure is at present needed just in or-
der to state that there are corresponding algebraic objects on the homotopy
categories.

Really, we want one structure to account for homotopy functors among
motivic spaces, and one to model the stable situation.

Fact: such structures exist, and the stable situation has a homotopy cate-
gory which is equivalent to the “stable category” in Voevodsky’s talk. This is
the second theme of the last section.

3 Model Structures of Motivic Functors
and Relation to Spectra

In the last section we defined the category of motivic spaces as the category of
simplicial presheaves Sm/Sop → S∗ together with a suitable model structure
for which the fibrant objects

1. are Nisnevich sheaves up to homotopy, and
2. do not see the difference between A1 and a point.

In this section we will study two structures on the category FS of con-
tinuous functors fMS → MS from finite spaces to spaces. The first one will
have as fibrant objects the functors that are blind to the difference between
A1-equivalent spaces, and in the second one they are the functors that think
smashing with the Tate object 1.1 should be an invertible operation. Details
can be found in [3].

3.1 The Homotopy Functor Model Structure

In practice, one is interested in homotopy functors, i.e., motivic functors that
preserve A1-equivalences. However, the category of homotopy functors is very
badly behaved. The trick is to study all motivic functors, but with a model
category focusing on the homotopy functors.
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Similar to the case for other functor categories (like the projective structure
for motivic spaces), there is a model structure – called the pointwise structure –
on FS in which a map X → Y is a weak equivalence (resp. fibration) if for
every v ∈ fMS the map X(v) → Y (v) ∈ MS is an A1-equivalence (resp.
fibration), and where the cofibrations are the maps having the usual left lifting
property.

Let ∗ � KX � X be the functorial factorization of ∗ → X in the
pointwise structure.

Definition 3.1.1 An ht-fibrant object is a pointwise fibrant object X ∈ FS

such that for all A1-equivalences

φ : v
∼→ w ∈ fMS

the induced map
X(v) → X(w) ∈ MS

is an A1-equivalence.
An ht-equivalence is a map X → Y ∈ FS such that for all ht-fibrant

Z ∈ FS the induced map

FS(KY,Z) → FS(KX,Z)

is a pointwise A1-equivalence.
Being an ht-cofibration is the same as being a cofibration in the pointwise

structure, and an ht-fibration is defined by the right lifting property.

Theorem 3.1.2 The ht-structure is a model category structure on FS. This
model category lifts to model structures on algebras and modules in FS.

Note 3.1.3 In this structure a map between homotopy functors is an ht-
equivalence if and only if it is a pointwise equivalence, and so the homo-
topy category of the ht-structure is the same as that of the pointwise when
restricting to the homotopy functors. Furthermore, any motivic functor is
ht-equivalent to a homotopy functor, and the ht-structure gives a functorial
replacement making a motivic functor into a homotopy functor.

We may alternatively characterize the ht-fibrations as the pointwise fibra-
tions X → Y such that for all A1-equivalences v

∼→ w ∈ fMS the square

X(v) −−−−→ Y (v)


�



�

X(w) −−−−→ Y (w)

is a homotopy pullback.
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3.2 Motivic Spectra

Recall the Tate object T = S1 ∧ Gm 1.1. Motivic cohomology, algebraic K-
theory and so on are stable with respect to both S1 and Gm, and are repre-
sented by T -spectra. Naïvely one can model T -spectra in the same way as we
did for spectra in spaces in III.5.

Definition 3.2.1 A T -spectrum is a sequence

E0, E1, · · · ∈ MS = SSm/Sop

∗

together with structure maps

T ∧ En → En+1 .

T -spectra are also referred to as motivic spectra.
As in the simplicial set case, these form a category SptS that comes

equipped with a model structure whose homotopy category is equivalent to
the “motivic stable homotopy category” of Voevodsky’s talk [22]. The nicest
way (following Hovey [10]) to describe the stable equivalences is the following:
construct a “stably fibrant replacement functor”, along the lines of the Q in 5.2
(makes the spectrum into an “Ω-spectrum”), and declare that a map X → Y
of spectra is a stable equivalence if (QX)n → (QY )n is an A1-equivalence
for each n. Similarly, stable fibrations are defined, giving rise to the stable
structure.

In search for a deeper structure on this category we may mimic one of
the ways of of constructing such structures for ordinary spaces. Among ap-
proaches we may mention symmetric spectra [11], S-modules [5] and simplicial
functors [15]. Since I personally like the last approach best, this is what we
have prepared for through our focus on motivic functors. I give a brief outline
how this goes leaving details to [3].

3.3 The Connection FS → SptS

Let T k = T ∧ T k−1 and T 0 = S0 (the constant two-point functor: it is the
unit of the ∧-structure on MS). For any continuous X : fMS → MS let the
evaluation evX ∈ SptS be the spectrum with n-th term X(Tn). The before-
mentioned map T ∧ X(Tn) → X(Tn+1) coming from the continuity of X
ensures that evX actually is a spectrum. Obviously ev : FS → SptS preserves
both limits and colimits.

The idea is to transport the stable equivalences from SptS to FS , and this
almost forces the stable structure on FS . More precisely, to check whether
X → Y is a stable equivalence one first uses the ht-structure to replace X and
Y by homotopy functors, and then asks whether the induced map of T -spectra
is a stable equivalence.

Call the left adjoint of ev

F : SptS → FS .
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Theorem 3.3.1 There is a model category structure, called the stable struc-
ture, on FS such that

F : SptS → FS

is a Quillen equivalence.
Furthermore, the smash in FS gives a smash in the stable homotopy cate-

gory, agreeing with that discussed in the other talks. The stable model structure
induces model category structures on algebras and modules over FS.

In algebraic topology there is an interesting interpretation of the stable
structure in terms of linear functors in the sense of Goodwillie calculus. This
connection is not as straight-forward in the motivic world. In [3] what we here
have called the stable structure is called the spherewise structure.
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I

Elementary Algebraic Geometry

In this first part, we give a quick overview of some of the foundational material
of elementary algebraic geometry needed for a study of motivic homotopy
theory. All of this material is well-known and excellently discussed in numerous
texts; our goal is to collect the main facts to give the reader a convenient first
introduction and quick reference. For this reason, many of the proofs will be
only sketched or completely omitted. For further details, we suggest the reader
take a look at [4], [10], [14] for the commutative algebra and [7], [9] or [12] for
the algebraic geometry; for a more analytic point of view, we suggest [5].

In part 2, we discuss the notions of sheaves and presheaves in the setting
of a Grothendieck topology, as needed for the construction and understanding
of motivic homotopy theory.

This text is a selection of material I presented in the summer school on
Motivic Homotopy Theory at Nordfjordeid, intended as a quick introduction
to the algebraic geometry and sheaf-theory needed for constructions in mo-
tivic homotopy theory. I would like to thank Bjørn Jahren for all his work
organizing the summer school and this book, Bjørn Dundas and Vladimir
Voevodsky for their excellent lectures, and the participants for creating an
enthusiastic and stimulating atmosphere.

1 The Spectrum of a Commutative Ring

We begin our introduction by discussing the geometric viewpoint of commu-
tative algebra. All rings will be assumed to be commutative and with unit.

1.1 Ideals and Spec

Let A be a ring. Recall that an ideal p ⊂ A is a prime ideal if p is a proper
ideal (i.e., p �= A) and

ab ∈ p, a �∈ p =⇒ b ∈ p.
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This property easily extends from elements to ideals: If I and J are ideals of
A, we let IJ be the ideal generated by products ab with a ∈ I, b ∈ J . Then,
if p is a prime ideal, we have

IJ ⊂ p, I �⊂ p =⇒ J ⊂ p.

Since IJ ⊂ I ∩ J , we have as well

I ∩ J ⊂ p, I �⊂ p =⇒ J ⊂ p.

Example 1.1 A ring A is an integral domain (or just a domain) if for all
a, b ∈ A,

ab = 0, a �= 0 =⇒ b = 0.

In terms of ideals, A is an integral domain if and only if the zero-ideal (0) is
a prime ideal, and for an arbitrary ring A, an ideal I of A is prime if and
only if A/I is an integral domain.

In addition to product and intersection, we have the operation of sum: if
{Iα | α ∈ A} is a set of ideals of A, we let

∑
α Iα be the smallest ideal of A

containing all the ideals Iα. One easily sees that
∑

α

Iα = {
∑

α

xα | xα ∈ Iα and almost all xα = 0}.

We let Spec (A) denote the set of prime ideals of A:

Spec (A) := {p ⊂ A | p is a prime ideal}.

For a subset S of A, we set

V (S) = {p ∈ Spec (A) | p ⊃ S}.

We note the following properties of the operation V :

1. Let S be a subset of A, and let (S) ⊂ A be the ideal generated by S. Then
V (S) = V ((S)).

2. Let {Iα | α ∈ A} be a set of ideals of A. Then V (
∑

α Iα) = ∩αV (Iα).
3. Let I1, . . . , IN be ideals of A. Then V (∩N

j=1Ij) = ∪N
j=1V (Ij).

4. V (0) = Spec (A), V (A) = ∅.
5. Let I ⊂ A be an ideal, and let π : A → A/I be the quotient map. Then

sending J̄ ⊂ A/I to J := π−1(J̄) gives a bijection π∗ : Spec A/I → V (I) ⊂
Spec A.

(1)
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1.2 The Zariski Topology

Definition 1.2 The Zariski topology on Spec (A) is the topology for which
the closed subsets are exactly the subsets of the form V (I), I an ideal of A.

It follows from the properties (1) that this really does define a topology
on the set Spec (A).

The Zariski topology is quite different from other familiar topologies, like
the metric topology on R

n. For instance, the points of SpecA are the prime
ideals of A, which can be ordered by inclusion. Only the points of SpecA
corresponding to maximal ideals of A are closed, since the closure of the point
[p] ∈ Spec A corresponding to a prime idea p ⊂ A is V (p). In particular the
Zariski topology is not Hausdorff if there is a non-trivial containment of prime
ideals p ⊂ q. For example, if A is an integral domain, so that the zero-ideal
(0) is prime, then SpecA = V ((0)), so the closure of the point [(0)] is all of
Spec A. Thus for a domain A, SpecA is not Hausdorff unless A is a field.

On the positive side, the spaces Spec A often behave much like compact
topological spaces, even though they usually have no hope of being compact
(since they usually aren’t even Hausdorff).

Definition 1.3 (1) A topological space T is noetherian if every sequence of
closed subspaces

F0 ⊃ F1 ⊃ F2 ⊃ . . .

is eventually constant.

(2) A commutative ring A is noetherian if every sequence of ideals

I0 ⊂ I1 ⊂ I2 ⊂ . . .

is eventually constant.

So, Spec A is a noetherian space if A is a noetherian ring (although not con-
versely, for example the ring k[x1, x2, . . .]/(x2

1, x
2
2, . . .)). As we will see later, a

quotient of a polynomial algebra over a field

A = F [x1, . . . , xn]/I

is noetherian, so SpecF [x1, . . . , xn]/I is also noetherian.
If T is a noetherian space and T = ∪∞

i=0Ui for a family of open subsets
U0, U1, . . ., then the fact that the sequence of closed subsets

T \ U0 ⊃ T \ U0 ∪ U1 ⊃ . . .

is eventually constant means T = ∪N
i=0Ui for some N . One calls a topological

space with this property quasi-compact. So, SpecA is quasi-compact if A is
noetherian.
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Also, if T is a noetherian topological space, each closed subset C is a finite
union of irreducible closed subsets: C = ∪r

i=1Ci, where C is irreducible if it
can’t be written as a union of two proper closed subsets. This fact follows
easily from the noetherian property. For T = Spec A, the irreducible closed
subsets are exactly the closures of single points, i.e., subsets of the form V (p)
with p a prime ideal. Thus, for an ideal I ⊂ A,

V (I) = ∪n
i=1V (pi)

for finitely many prime ideals p1, . . . , pn. In particular, this says that each ideal
I in a noetherian ring A has finitely many minimal prime ideals containing it
(minimal in the sense of containment).

A similar type of argument gives the well-known fact that a commuta-
tive ring A is noetherian if and only if all ideals are finitely generated. See
section 4.1 for more details on noetherian rings.

Examples 1.4 (1) Let F be a field. Then (0) is the unique proper ideal in F ,
and is prime since F is an integral domain. Thus Spec (F ) is the one-point
space {[(0)]} (we use [−] to distinguish a prime ideal from a point in Spec ).

(2) Again, let F be a field, and let A = F [t] be a polynomial ring in one
variable t. A is an integral domain, so (0) is a prime ideal. A is a unique
factorization domain (UFD), which means that the ideal (f) generated by an
irreducible polynomial f is a prime ideal. In fact, each non-zero proper prime
ideal in A is of the form (f), f �= 0, f irreducible. If we take f monic, then
different f ’s give different ideals, so we have

Spec (A) = {[(0)]} ∪ {[(f)] | f ∈ A a monic irreducible polynomial}.

Clearly (0) ⊂ (f) for all such f ; there are no other containment relations as
the ideal (f) is maximal (i.e., not contained in any other proper ideal) if f is
irreducible, f �= 0. Thus the closure of [(0)] is all of Spec (A), and the other
points [(f)] ∈ Spec (A), f irreducible and monic, are closed points.

(3) The affine line over a field. Suppose F is algebraically closed, e.g., F = C.
Then an irreducible monic polynomial f ∈ F [t] is necessarily linear, hence
f = t − a for some a ∈ F . We thus have a 1-1 correspondence between the
closed points of Spec (F [t]) and the set F . For this reason, Spec (F [t]) is called
the affine line over F (even if F is not algebraically closed), written A

1
F .

(4) Spec Z. This is the first “arithmetic” example. Spec Z has the generic
point [(0)] and closed points [(p)] for each prime number p.

1.3 Functorial Properties

The operation A 
→ Spec (A) actually defines a contravariant functor from the
category of commutative rings to topological spaces. In fact, let φ : A → B
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be a homomorphism of commutative rings, and let p ⊂ B be a proper prime
ideal. Then it follows directly from the definition that φ−1(p) is a prime ideal
of A, and is proper, since 1A ∈ φ−1(p) implies 1B = φ(1A) is in p, which
implies p = B. Thus, sending p to φ−1(p) defines the map of sets

φ̂ : Spec (B) → Spec (A).

In addition, if I is an ideal of A, then φ−1(p) ⊃ I for some p ∈ Spec (B), if
and only if p ⊃ φ(I). Thus φ̂−1(V (I)) = V (φ(I)), hence φ̂ is continuous.

The space Spec (A) encodes lots (but not all) of the information regarding
the ideals of A. For example, let I ⊂ A be an ideal. We have the quotient
ring A/I and the canonical surjective ring homomorphism φI : A → A/I. If
J̄ ⊂ A/I is an ideal, we have the inverse image ideal J := φ−1(J̄); sending J̄
to J is then a bijection between the ideals of A/I and the ideals J of A with
J ⊃ I. We have the following extension of the property (1)5:

Lemma 1.5 The map φ̂I : Spec (A/I) → Spec (A) gives a homeomorphism
of Spec (A/I) with the closed subspace V (I) of Spec (A).

On the other hand, one can have V (I) = V (J) even if I �= J . For an ideal
I, the radical of I is the ideal

√
I := {x ∈ A | xn ∈ I for some integer n ≥ 1}.

It is not hard to see that
√

I really is an ideal. Clearly, if p is prime, and xn ∈ p

for some n ≥ 1, then x ∈ p, so V (I) = V (
√

I), but it is easy to construct
examples of ideals I with I �=

√
I (e.g. I = (t2) ⊂ F [t], F a field). In terms of

Spec , the quotient map A/I → A/
√

I induces the homeomorphism

Spec (A/
√

I) → Spec (A/I).

In fact,
√

I ⊃ I is the largest ideal with this property, since we have the
formula √

I = ∩p⊃Ip. (2)

1.4 Naive Algebraic Geometry and Hilbert’s Nullstellensatz

As the definition of SpecA is very general, it’s a good idea to see what happens
in the “geometric” case”. Take an algebraically closed field k, and take some
polynomials

f1, . . . , fr ∈ k[x1, . . . , xn].

The geometric data this determines is the set of solutions to the equations
fi = 0, so let

Vgeom(f1, . . . , fr) := {a = (a1, . . . , an) ∈ kn | f1(a) = . . . = fr(a) = 0}

We also have the ideal (f1, . . . , fr) and the closed subset V ((f1, . . . , fr)) of
Spec k[x1, . . . , xn]. Hilbert’s Nullstellensatz relates these two.
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Theorem 1.6 (Hilbert’s Nullstellensatz, first form) For k an algebraically
closed field, the maximal ideals of k[x1, . . . , xn] are in one-to-one correspon-
dence with kn, by

(a1, . . . , an) 
→ (x1 − a1, . . . , xn − an).s

To use this to relate Vgeom(f1, . . . , fr) and V ((f1, . . . , fr)), we just have to
note

Lemma 1.7 Take a = (a1, . . . , an) ∈ kn. We have a containment of ideals

(f1, . . . , fr) ⊂ (x1 − a1, . . . , xn − an)

if and only if f1(a) = . . . , fr(a) = 0.

In fact, fi is in (x1 − a1, . . . , xn − an) if and only if we can write

fi =
∑

j

gij(xj − aj), i = 1, . . . , r,

for some gij ∈ k[x1, . . . , xr], so one implication is clear. The other follows by
dividing by (x1 − a1), dividing the remainder by (x2 − a2), etc., yielding an
identity

fi =
∑

j

gij(xj − aj) + c.

c is a constant by reason of degree; evaluating at x = a, we see that c = 0.
The upshot is that (a1, . . . , an) is in Vgeom(f1, . . . , fr) if and only if (x1 −

a1, . . . , xn−an) is in V ((f1, . . . , fr)). If we let Spec maxA ⊂ Spec A denote the
subset of maximal ideals of A, then Hilbert’s Nullstellensatz gives a bijection

kn ∼= Spec maxk[x1, . . . , xn]

and under this identification, we have

Vgeom(f1, . . . , fr) = V ((f1, . . . , fr)) ∩ Spec maxk[x1, . . . , xn].

This raises the question: why not just use Spec maxA instead of the more
complicated Spec A? There are lots of reasons, but one obvious one is that,
as we’ve seen, A 
→ Spec A is easily made into a functor, but there is no
reasonable way that this can be done with Spec max.

Example 1.8 Affine spaces. The affine space of dimension n over a field F
is Spec F [x1, . . . , xn], written A

n
F . We’ve just seen that

Spec maxF [x1, . . . , xn] ⊂ A
n
F

is Fn, for F algebraically closed, which justifies the terminology.
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1.5 Krull Dimension, Height One Primes and the UFD Property

To give a little more feeling about Spec , we recall some elementary facts from
commutative algebra.

Let A be a commutative ring. If we order the prime ideals of A by inclusion,
we get a measure of how big a prime ideal p is: p has height m if there is a
proper chain of prime ideals

p0 ⊂ p1 ⊂ . . . ⊂ pm = p

and no longer chain. For A = F [x1, . . . , xn]/I, it turns out that all maximal
such chains have the same length (although there are bizarre rings for which
this is not the case), and the maximal ideals of F [x1, . . . , xn] all have height
n. Thus, for many rings, a reasonable measure of their dimension is the length
of a maximal chain of prime ideals.

Definition 1.9 (1) Let A be a noetherian commutative ring. The Krull di-
mension of A is the maximum of the set of heights of prime ideals of A (or
infinity if there is no maximum or if some prime ideal has infinite height).

(2) Let T be a noetherian topological space. The dimension of T is the maxi-
mum of the length n of a chain of irreducible closed subsets

T0 ⊃ T1 ⊃ . . . ⊃ Tn.

In particular, dimA = dim Spec A.
Recall that a unit in A is an element u with a multiplicative inverse: uv = 1.

An element f in A is irreducible if f is not a unit and f = gh implies that
either g or h is a unit. If A is a domain, an element f ∈ A\{0} is called prime
if f is not a unit, and if f divides gh, then f divides g or f divides h.

A domain A is a unique factorization domain if each element f in A ad-
mits a finite factorization into irreducibles, f =

∏
i fi which is unique in the

following sense: if
n∏

i=1

fi =
m∏

j=1

gj

with all the fi and gj irreducible, then n = m, and after reordering, there are
units ui ∈ A with fi = uigi, i = 1, . . . , n.

The basic facts about UFD’s are

Theorem 1.10 Let A be a noetherian domain.

(1) Each element f ∈ A \ {0} can be written as a finite product f =
∏

i fi,
with the fi irreducible.

(2) A prime element is always irreducible and the following are equivalent:
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(a) each irreducible in A is prime
(b) each height one prime ideal of A is principal: p = (f) for some element

f ∈ A.
(c) A is a UFD

Example 1.11 For F a field, a polynomial algebra F [x1, . . . , xn] is a UFD:
this follows from Gauss’ lemma. In general, a quotient ring F [x1, . . . , xn]/p is
not a UFD; the simplest example is the “universal” one: A := F [X,Y,Z,W ]/(XY −
ZW ). It is easy to see that X,Y,Z and W are irreducible in A (use the fact
that the ideal is homogeneous of degree 2), but clearly XY = ZW in A is a
non-unique factorization.

Examples 1.12 The affine plane over a field. Considering A
2
F , we find three

kinds of points: the generic point [(0)], the height one points [(f)], with f(x, y)
an irreducible polynomial, and the closed points [m] (which are all of the form
(x − a, y − b) if F is algebraically closed).

For F algebraically closed, it’s easy to understand V (f(x, y)) (say for f
irreducible). One has the prime (f) with closure V ((f)); by the Nullstellensatz,
V (f) consists of the generic point [(f)] and the closed points [(x − a, y − b)]
with f(a, b) = 0.

So, Spec F [x, y] consists of not only the “obvious” points (a, b), but one
point for each irreducible curve f = 0 in the plane and one more point [(0)]
“representing” the whole plane. The closure relation tells you which points
(a, b) are solutions of the equations f = 0.

The affine line over Z. Consider A
1
Z

:= Spec Z[x]. This looks a bit like A
2
F ,

with some important differences. Z[x] is also a UFD and has Krull dimension
two, so we have the generic point [(0)], the codimension one points [(f)] for ir-
reducible f ∈ Z[x] and the codimension two points [m] for m a maximal ideal.
There are two distinct types of codimension one points [(f)]: those coming
from irreducible f of degree > 0 and those of the form [(p)], p ∈ Z prime. The
first type don’t disappear when you pass from Z[x] to Q[x], while [(p)] lives in
characteristic p > 0. The maximal ideals m all have quotient rings Z[x]/m a
finite field, so the point [m] lives in finite characteristic as well.

Examples 1.13 Affine spaces over a field. For A
n
F , the situation is similar

to A
2
F , but more complicated. We have points [p] for each prime ideal p, with

closure V (p) having dimension somewhere from 0 to n. Choosing generators
f1, . . . , fr for a given prime ideal p, we again have (if F is algebraically closed)

V (p) ∩ Spec max = {a = (a1, . . . , an) | f1(a) = . . . , fr(a) = 0},

or, without choosing generators

V (p) ∩ Spec max = {a = (a1, . . . , an) | f(a) = 0 for all f ∈ p},
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Here we identify Spec maxF [x1, . . . , xn] with Fn by the Nullstellensatz.
F [x1, . . . , xn] is a UFD, so the height one primes are all principal; in

terms of the irreducible closed subsets of A
n
F , this says that each irreducible

hypersurface (i.e. closed subset of codimension one) is of the form V (f) for
f an irreducible polynomial in F [x1, . . . , xn]. However, it is not true the each
height r prime is generated by r elements; the most one can say in general is
that it takes at least r elements to generate a height r prime. This phenomenon
occurs at the first place the numerology says it can, namely, for a height two
prime in F [x, y, z], geometrically, a curve in A

3
F . One example of this is the

curve parametrized by

t 
→ (t(t − 1)2(t − 2)2, t2(t − 1)(t − 2)2, t2(t − 1)2(t − 2)).

(2) For A of the form F [x1, . . . , xn]/I, Spec A is identified with the closed sub-
space V (I) of A

n
F , so everything we’ve seen about A

n
F carries over to Spec A:

we have the irreducible subset V (p), p ⊂ A prime, with V (p) the closure of
its “generic point” [p] and with V (p) ⊂ V (q) exactly when p ⊃ q. For F al-
gebraically closed, we recover via Hilbert’s Nullstellensatz the naive notion of
algebraic geometry as the study of solutions of polynomial equation.

1.6 Open Subsets and Localization

We’ve seen that a closed subset V (I) of SpecA is itself the spectrum of a ring,
namely, V (I) = SpecA/I, but this is not the case in general for open subsets
of Spec (A). There is however a natural basis of the topology which does have
an algebraic interpretation along these lines. We first consider a more general
construction, called localization.

Let S be a subset of A, closed under multiplication and containing 1.
Form the localization of A with respect to S as the ring of “fractions” a/s
with a ∈ A, s ∈ S, where we identify two fraction a/s, a′/s′ if there is a third
s′′ ∈ S with

s′′(s′a − sa′) = 0.

We multiply and add the fractions by the usual rules. (If A is an integral
domain, the element s′′ is superfluous, but in general it is needed to make
sure that the addition of fractions is well-defined). We denote this ring by
S−1A; sending a to a/1 defines the ring homomorphism φS : A → S−1A. If f
is an element of A, we may take S = S(f) := {fn | n = 0, 1, . . .}, and write
Af for S(f)−1A. The homomorphism φS is universal for ring homomorphisms
ψ : A → B such that B is commutative and ψ(S) consists of units in B.

Note that this operation allows one to invert elements one usually doesn’t
want to invert, for example 0 or non-zero nilpotent elements. In this extreme
case, we end up with the 0-ring; in general the ring homomorphism φS is not
injective. However, all is well if we don’t invert zero-divisors, i.e., an element
a �= 0 such that there is a b �= 0 with ab = 0. The most well-know case
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of localization is of course the formation of the quotient field of an integral
domain A, where we take S = A \ {0}.

What does localization do to ideals? If p �= A is prime, there are two
possibilities: If p ∩ S = ∅, then the image of p in S−1A generates a proper
prime ideal. In fact, if q ⊂ S−1A is the ideal generated by φS(p), then

p = φ−1
S (q).

If p∩S �= ∅, then clearly the image of p in S−1A contains invertible elements,
hence generates the unit ideal S−1A. Thus (see [4] for details),

Lemma 1.14 Let S ⊂ A be a multiplicatively closed subset containing 1.
Then φ̂S : Spec (S−1A) → Spec (A) gives a homeomorphism of Spec (S−1A)
with the complement of ∪g∈SV ((g)) in Spec (A).

In general, the subspace φ̂S(Spec (S−1A)) is not open, but if S = S(f) for
some f ∈ A, then the image of φ̂S is the open complement of V ((f)). An open
subset of this form is called principal; we write Spec (A)f for Spec (A) \V (f),
Af for S(f)−1A and φf : A → Af for the localization homomorphism.

Lemma 1.15 The principal open subsets Spec (A)f form a basis for the
Zariski topology on Spec A.

This follows from the obvious identities

Spec A \ V (I) = ∪f∈ISpec (A)f

Spec (A)f ∩ Spec (A)g = Spec (A)fg.

Lemma 1.14 yields as a special case

Proposition 1.16 Sending q ⊂ Af to φ−1
f (q) ⊂ A defines a homeomorphism

Spec (Af ) → Spec (A)f .

Examples 1.17 (1) The open subset Spec F [x, x−1] of A
1
F = SpecF [x] is the

principal open subset defined by x. Note that

F [x, x−1] ∼= F [x, y]/(xy − 1)

so the open subset Spec (F [x])x of A
1
F is also the closed subset V (xy−1) of A

2
F .

(2) Let A = F [x1, . . . , xn]/I and let f ∈ A be the image of some element
f̃ ∈ F [x1, . . . , xn]. The principal open subset Spec (A)f is homeomorphic to
the closed subset V ((I, f̃xn+1 − 1)) of A

n+1
F , since

A[1/f ] ∼= A[y]/(fy − 1).
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2 Ringed Spaces

2.1 Presheaves and Sheaves on a Space

Let T be a topological space, and let Op(T ) be the category with objects the
open subsets of T and morphisms V → U corresponding to inclusions V ⊂ U .
Recall that a presheaf S (of abelian groups) on T is a functor S : Op(T )op →
Ab. For V ⊂ U , we often denote the homomorphism S(U) → S(V ) by resV,U .
A presheaf S is a sheaf if for each open covering U = ∪αUα, the sequence

0 → S(U)
∏

α resUα,U−−−−−−−→
∏

α

S(Uα)

∏
α,β resUα∩Uβ,Uα−resUα∩Uβ,Uβ−−−−−−−−−−−−−−−−−−−−−→

∏

α,β

S(Uα ∩ Uβ) (3)

is exact. Replacing Ab with other suitable categories, we have sheaves and
presheaves of sets, rings, etc.

Let f : T → T ′ be a continuous map. If S is a presheaf on T , we have the
presheaf f∗S on T ′ with sections

f∗S(U ′) := S(f−1(U ′)).

The restriction maps are given by the obvious formula, and it is easy to see
that f∗S is a sheaf if S is a sheaf.

Definition 2.1 A ringed space is a pair (X,OX), where X is a topologi-
cal space, and OX is a sheaf of rings on X. A morphism of ringed spaces
(X,OX) → (Y,OY ) consists of a pair (f, φ), where f : X → Y is a contin-
uous map, and φ : OY → f∗OX is a homomorphism of sheaves of rings on
Y .

Explicitly, the condition that φ : OY → f∗OX is a homomorphism of
sheaves of rings means that, for each open V ⊂ Y , we have a ring homomor-
phism

φ(V ) : OY (V ) → OX(f−1(V )),

and for V ′ ⊂ V , the diagram

OY (V )
φ(V )

��

resV ′,V

��

OX(f−1(V ))

resf−1(V ′),f−1(V )

��

OY (V ′)
φ(V ′)

�� OX(f−1(V ′))

commutes.
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Examples 2.2 (1) Let T be a topological space, CT the presheaf with

CT (U) = {continuous functions on U}

and with the restriction maps the usual restriction of functions. Then CT is a
sheaf of rings on T . Note that each continuous map φ : T → S of topological
spaces extends to a map of ringed spaces (φ, φ∗) : (T , CT ) → (S, CS) by

φ∗(g) = g ◦ φ.

(2) If T is a differentiable manifold with underlying topological space denoted
T0, we have as in (1) the sheaf C∞

T0
of C∞ functions on T , as well as the sheaves

Cp
T0

of Cp functions. These all form sheaves of rings on T0, giving us the ringed
spaces (T , Cp

T0
), p = 0, 1, . . . ,∞. The differentiable structure on T is given by

the sheaf of rings C∞
T0

on T0. One can in fact define a differentiable manifold
of dimension n as a (paracompact) topological space T0 with a subsheaf of
rings C∞(T ) of CT such that each point x ∈ T0 has a neighborhood U and
a homeomorphism φ of U with an open subset V of R

n such that (φ, φ∗) :
(U, CU ) → (V, CV ) yields an isomorphism of sheaves of rings

φ∗ : C∞
V → φ∗(C∞(T )|U ).

Since an open ball in R
n is diffeomorphic to R

n, we can even assume that
V = R

n.

2.2 The Sheaf of Regular Functions on Spec A

In analogy with differentiable manifolds, we want to define a sheaf of rings OX

on X = Spec (A) so that our functor A 
→ Spec (A) becomes a faithful functor
to the category of ringed spaces. For this, we have seen (lemma 1.15) that the
open subsets Xf := X \ V ((f)) form a basis for the topology of X, hence,
given p ∈ Spec (A), the open subsets Xf , f �∈ p form a basis of neighborhoods
of p in X. Noting that Xf ∩ Xg = Xfg, we see that this basis is closed under
finite intersection.

We start our definition of OX by setting

OX(Xf ) := Af ;

this is justified by proposition 1.16. Suppose that Xg ⊂ Xf . Then p ⊃ (f) =⇒
p ⊃ (g). Thus, by lemma 1.14, it follows that φg(f) is contained in no proper
prime ideal of Ag, hence φg(f) is a unit in Ag. By the universal property of
φf , there is a unique ring homomorphism φg,f : Af → Ag making the diagram

A
φf

��

φg

��

Af

φg,f����
��

��
��

Ag
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By uniqueness, we have
φh,f = φh,g ◦ φg,f (4)

in case Xh ⊂ Xg ⊂ Xf .

Lemma 2.3 Let f be in A and let {gα} be a set of elements of A such that
Xf = ∪αXfgα

. Then the sequence

0 → Af

∏
φfgα,f−−−−−−→

∏

α

Afgα

∏
φfgαgβ,fgα−φfgαgβ,fgβ−−−−−−−−−−−−−−−−−→

∏

α,β

Afgαgβ

is exact.

Proof. See [14] or [4]

We thus have the “partially defined” sheaf OX(Xf ) = Af , satisfying the
sheaf axiom for covers consisting of the principal open subsets. Let now U ⊂ X
be an arbitrary open subset. Let I(U) ⊂ A be the ideal

I(U) := ∩p�∈Up,

so U = X \ V (I(U)). Write U as a union of principal open subsets:

U = ∪f∈I(U)Xf ,

and define OX(U) as the kernel of the map

∏

f∈I(U)

OX(Xf )
φfg,f−φfg,g−−−−−−−−→

∏

f,g∈I(U)

OX(Xfg).

If we have V ⊂ U , then I(V ) ⊂ I(U), and so we have the projections

πV,U :
∏

f∈I(U)

OX(Xf ) →
∏

f∈I(V )

OX(Xf )

π′
V,U :

∏

f,g∈I(U)

OX(Xfg) →
∏

f,g∈I(V )

OX(Xfg)

These in turn induce the map

resV,U : OX(U) → OX(V )

satisfying resW,V ◦ resV,U = resW,U for W ⊂ V ⊂ U .
We now have two definitions of OX(U) in case U = Xf , but by lemma 2.3,

these two agree. It remains to check the sheaf axiom for an arbitrary cover
of an arbitrary open U ⊂ X, but this follows formally from lemma 2.3. Thus,
we have the sheaf of rings OX on X.

Let ψ : A → B be a homomorphism of commutative rings, giving us the
continuous map ψ̂ : Y := Spec (B) → X := Spec (A). Take f ∈ B, g ∈ A, and
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suppose that ψ̂(Yf ) ⊂ Xg. This says that, if p is a prime idea in B with f �∈ p,
then ψ(g) �∈ p. This implies that φf (ψ(g)) is in no prime ideal of Bf , hence
φf (ψ(g)) is a unit in Bf . By the universal property of φg : A → Ag, there is
a unique ring homomorphism ψf,g : Ag → Bf making the diagram

A
ψ

��

φg

��

B

φf

��

Ag
ψf,g

�� Bf

commute. One easily checks that the ψf,g fit together to define the map of
sheaves

ψ̃ : OX → ψ̂∗OY ,

giving the map of ringed spaces

(ψ̂, ψ̃) : (Y,OY ) → (X,OX).

The functoriality

(ψ̂1 ◦ ψ2, ψ̃1 ◦ ψ2) = (ψ̂2, ψ̃2) ◦ (ψ̂1, ψ̃1)

is also easy to check.
Thus, we have the contravariant functor Spec from commutative rings to

ringed spaces. Since OX(X) = A if X = SpecA, Spec is clearly a faithful
functor.

2.3 Local Rings and Stalks

Recall that a commutative ring O is called a local ring if O has a unique max-
imal ideal m. The field k := O/m is the residue field of O. A homomorphism
f : O → O′ of local rings is called a local homomorphism if f(m) ⊂ m′.

Example 2.4 Let A be a commutative ring, p ⊂ A a proper prime ideal. Let
S = A\p; S is then a multiplicatively closed subset of A containing 1. We set
Ap := S−1A, and write pAp for the ideal generated by φS(p).

We claim that Ap is a local ring with maximal ideal pAp. Indeed, each
proper prime ideal of Ap is the ideal generated by φS(q), for q some prime
ideal of A with q ∩ S = ∅. As this is equivalent to q ⊂ p, we find that pAp is
indeed the unique maximal ideal of Ap.

Definition 2.5 Let F be a sheaf (of sets, abelian, rings, etc.) on a topological
space X. The stalk of F at x, written Fx, is the direct limit

Fx := lim→
x∈U

F(U).
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Note that, if (f, φ) : (Y,OY ) → (X,OX) is a morphism of ringed spaces, and
we take y ∈ Y , then φ : OX → f∗OY induces the homomorphism of stalks

φy : OX,f(y) → OY,y.

Lemma 2.6 Let A be a commutative ring, (X,OX) = Spec (A). Then for
p ∈ Spec (A), we have

OX,p = Ap.

Proof. We may use the principal open subsets Xf , f �∈ p, to define the stalk
OX,p:

OX,p = lim→
f �∈p

OX(Xf )

= lim→
f �∈p

Af

= (A \ p)−1A

= Ap.

Thus, the ringed spaces of the form (X,OX) = Spec (A) are special, in that
the stalks of the sheaf OX are all local rings. The morphisms (ψ̂, ψ̃) coming
from ring homomorphisms ψ : A → B are also special:

Lemma 2.7 Let (X,OX) = SpecA, (Y,OY ) = SpecB, and let ψ : A → B
be a ring homomorphism. Take y ∈ Y . Then

ψ̃y : OX,ψ̂(y) → OY,y

is a local homomorphism.

Proof. In fact, if y is the prime ideal p ⊂ B, then ψ̂(y) is the prime ideal
q := ψ−1(p), and ψ̃y is just the ring homomorphism

ψp : Aq → Bp

induced by ψ, using the universal property of localization. Since

ψ(ψ−1(p)) ⊂ p,

ψp is a local homomorphism.

3 The Category of Schemes

As we have seen, one can view a differentiable manifold of dimension n as
a ringed space that is locally the same as (Rn, C∞

Rn). Grothendieck defined a
scheme in roughly the same way, with the important difference that, rather
than one local model R

n in each dimension, one needs to use all the ringed
spaces Spec A for the local models.
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3.1 Objects and Morphisms

Definition 3.1 A scheme is a ringed space (X,OX) which is locally Spec of
a ring, i.e., for each point x ∈ X, there is an open neighborhood U of x and
a commutative ring A such that (U,OU ) is isomorphic to Spec A as a ringed
space, where OU denotes the restriction of OX to a sheaf of rings on U .

A morphism of schemes f : (X,OX) → (Y,OY ) is a morphism of ringed
spaces which is locally of the form (ψ̂, ψ̃) for some homomorphism of commu-
tative rings ψ : A → B, that is, for each x ∈ X, there are neighborhoods U
of x and V of f(x) such that f restricts to a map fU : (U,OU ) → (V,OV ), a
homomorphism of commutative rings ψ : A → B and isomorphisms of ringed
spaces

(U,OU )
g−→ Spec B; (V,OV ) h−→ Spec A

making the diagram

(U,OU )
fU ��

g

��

(V,OV )

h

��

Spec B
(ψ̂,ψ̃)

�� Spec A

commute.

Note that, as the functor Spec is faithful, the homomorphism ψ is uniquely
determined by f once we choose isomorphisms g and h. We will see below
that the functor Spec is fully faithful, which implies that the isomorphism
(U,OU ) → Spec A required in the first part of Definition 3.1 is unique up to
unique isomorphism of rings A → A′. Thus, the data in the second part of
the definition are uniquely determined (up to unique isomorphism) once one
fixes the open neighborhoods U and V .

Definition 3.2 A scheme (X,OX) isomorphic to Spec (A) for some commu-
tative ring A is called an affine scheme. An open subset U ⊂ X such that
(U,OU ) is an affine scheme is called an affine open subset of X.

If U ⊂ X is an affine open subset, then (U,OU ) = SpecA, where A = OX(U).
Let Sch denote the category of schemes, and Aff ⊂ Sch the full subcate-

gory of affine schemes. Sending A to SpecA thus defines the functor

Spec : Ringsop → Aff

Lemma 3.3 Spec is an equivalence of categories; in particular

HomRings(A,B) ∼= HomSch(Spec B,Spec A).
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Proof. We have already seen that Spec is a faithful functor, so it remains to
see that Spec is full, i.e., a morphism of affine schemes f : Spec B → Spec A
arises from a homomorphism of rings.

For this, write SpecA = (X,OX), SpecB = (Y,OY ). f gives us the ring
homomorphism

f∗(Y,X) : OX(X) → OY (Y ),

i.e., a ring homomorphism ψ : A → B, so we need to see that f = (ψ̂, ψ̃).
Take y ∈ Y and let x = f(y). Then as f locally of the form (φ̂, φ̃), the

homomorphism f∗
y : OY,y → OX,x is local and (f∗

y )−1(mx) = my, where mx

and my are the respective maximal ideals.
Suppose x is the prime ideal p ⊂ A and y is the prime ideal q ⊂ B. We

thus have OY,y = Bq, OX,x = Ap, and the diagram

A
ψ

��

φp

��

B

φq

��

Ap
f∗

y

�� Bq

commutes. Since f∗
y is local, it follows that ψ−1(q) ⊂ p; as (f∗

y )−1(mx) = my

and φp induces a bijection between the prime ideals of A contained in p and
the prime ideals of Ap, it follows that p = ψ−1(q). Thus, as maps of topological
spaces, f and ψ̂ agree.

We note that the map ψp,q : Ap → Aq induced by localizing ψ is the
unique local homomorphism ρ making the diagram

A
ψ

��

φp

��

B

φq

��

Ap ρ
�� Bq

commute. Thus f∗
y = ψp,q. Now, for U ⊂ X open, the map

OX(U) →
∏

x∈U

OX,x

is injective, and similarly for open subsets V of Y . Thus f∗ = ψ̃, completing
the proof.

Remark 3.4 It follows from the proof of lemma 3.3 that one can replace the
condition in Definition 3.1 defining a morphism of schemes with the following:

If (X,OX) and (Y,OY ) are schemes, a morphism of ringed spaces (f, φ) :
(X,OX) → (Y,OY ) is a morphism of schemes if for each x ∈ X, the map
φx : OY,f(x) → OX,x is a local homomorphism.
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Remark 3.5 Let (X,OX), and (Y,OY ) be arbitrary schemes. We have the
rings A := OX(X) and B := OY (Y ), and each map of schemes f : (Y,OY ) →
(X,OX) induces the ring homomorphism f∗(X) : A → B, giving us the func-
tor

Γ : Sch → Ringsop.

We have seen above that Γ ◦ Spec = idRings, and that the restriction of
Γ to Aff is the inverse to Spec . More generally, suppose that X is affine,
(X,OX) = SpecA. Then

Γ : HomSch(Y,X) → HomRings(A,B)

is an isomorphism. This is not the case in general for non-affine X.

It is definitely not the case that sending a ring A to the topological space
|Spec A| underlying the ringed space SpecA distinguishes non-isomorphic
rings from each other; this functor is not even faithful.

Examples 3.6 (1) For a field F , Spec F is a single point with (constant)
sheaf of functions F . Thus, a field extension φ : F → L induces the identity
map |Spec L| → |Spec F | and the map φ on the sheaves of rings.

(2) Let A = k[ε]/(ε2). (ε) ⊂ A is the unique prime ideal, so |Spec A| is a
single point and the reduction map A → k sending ε to zero induces the iden-
tity map |Spec A| → |Spec k|. More generally, for a commutative ring A, let
N ⊂ A be the ideal of nilpotent elements. Then A → A/N induces a homeo-
morphism |Spec A| → |Spec A/N|. We will say more about this phenomenon
in section 4.2.

3.2 Gluing Constructions

We have seen the analogy between differentiable manifolds and schemes, in
that a scheme is a locally affine ringed space, while a differentiable manifold
is a ringed space, locally isomorphic to (Rn, C∞

Rn). As for manifolds, one can
construct a scheme by gluing: Let Uα be a collection of schemes, together with
open subschemes Uα,β ⊂ Uα, and isomorphisms

gβ,α : Uα,β → Uβ,α

satisfying the cocycle condition

g−1
β,α(Uβ,α ∩ Uβ,γ) = Uα,β ∩ Uα,γ

gγ,α = gγ,β ◦ gβ,α on Uα,β ∩ Uα,γ .

This allows one to define the underlying topological space of the glued scheme
X by gluing the underlying spaces of the schemes Uα; the structure sheaf OX

is constructed by gluing the structure sheaves OUα
. If the Uα and the open

subschemes Uα,β are all affine, the entire structure is defined via commutative
rings and ring homomorphisms.
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Remark 3.7 Throughout the text, we will define various properties along
these lines by requiring certain conditions hold on some affine open cover
of X. It is usually the case that these defining conditions then hold on every
affine open subscheme (see below) of X, and we will use this fact without
further explicit mention.

3.3 Open and Closed Subschemes

Let (X,OX) be a scheme. An open subscheme of X is a scheme of the form
(U,OU ), where U ⊂ X is an open subspace. A morphism of schemes j :
(V,OV ) → (X,OX) which gives rise to an isomorphism (V,OV ) ∼= (U,OU )
for some open subscheme (U,OU ) of (X,OX) is called an open immersion.

Closed subschemes are a little less straightforward. We first define the
notion of a sheaf of ideals. Let (X,OX) be a ringed space. We have the category
of OX -modules: an OX -module is a sheaf of abelian groups M on X, together
with a map of sheaves

OX ×M → M
which is associative and unital (in the obvious sense). Morphisms are maps of
sheaves respecting the multiplication. Now suppose that (X,OX) = SpecA is
an affine scheme, and I ⊂ A is an ideal. For each f ∈ A, we have the ideal
If ⊂ Af , being the ideal generated by φf (I). These patch together to form
an OX -submodule of OX , called the ideal sheaf generated by I, and denoted
Ĩ. In general, if X is a scheme, we call an OX -submodule I of OX an ideal
sheaf if I is locally of the form Ĩ for some ideal I ⊂ OX(U), U ⊂ X affine.

Let I be an ideal sheaf. We may form the sheaf of rings OX/I on X.
The support of OX/I is the (closed) subset of X consisting of those x with
(OX/I)x �= 0. Letting i : Z → X be the inclusion of the support of OX/I, we
have the ringed space (Z,OX/I) and the morphism of ringed spaces (i, π) :
(Z,OX/I) → (X,OX), where π is given by the surjection OX → i∗OX/I. If
we take an affine open subscheme U = Spec A of X and an ideal I ⊂ A for
which I|U = Ĩ, then one has

Z ∩ U = V (I).

We call (Z,OX/I) a closed subscheme of (X,OX). More generally, let i :
(W,OW ) → (X,OX) a morphism of schemes such that

1. i : W → X gives a homeomorphism of W with a closed subset Z of X.
2. i∗ : OX → i∗OW is surjective, with kernel an ideal sheaf.

Then we call i a closed immersion.
If I ⊂ OX is the ideal sheaf associated to a closed subscheme (Z,OZ), we

call I the ideal sheaf of (Z,OZ), and write I = IZ .

Examples 3.8 (1) Let (X,OX) = SpecA, and I ⊂ A an ideal, giving us the
ideal sheaf Ĩ ⊂ OX , and the closed subscheme i : (Z,OZ) → (X,OX). Then
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(Z,OZ) is affine, (Z,OZ) = SpecA/I, and i = (π̂, π̃), where π : A → A/I
is the canonical surjection. Conversely, if (Z,OZ) is a closed subscheme of
Spec A with ideal sheaf IZ , then (Z,OZ) is affine, (Z,OZ) = SpecA/I (as
closed subscheme), where I = IZ(X).

(2) The closed subschemes Z of A
1
F , F a field, with |Z| a single point, are

of the form Spec F [x]/(fn), where f ∈ F [x] is an irreducible polynomial, and
n ≥ 1 is an integer. Two such are equal (as subschemes)

Spec F [x]/(fn) = SpecF [x]/(gm)

if and only if n = m and f = c · g for some non-zero c ∈ F . However, these
two are isomorphic as schemes exactly when the fields F [x]/(f) and F [x]/(g)
are isomorphic and n = m.

(3) The closed subschemes Z of Spec Z with |Z| a single point are those of
the form Spec Z/(pn), n ≥ 1 an integer, p > 0 a prime number. These are all
distinct, both as closed subschemes of Spec Z and as schemes.

3.4 Fiber Products

An important property of the category Sch is the existence of a (categorical)
fiber product Y ×X Z for each pair of morphisms f : Y → X, g : Z → X. We
sketch the construction.

First consider the case of affine X = SpecA, Y = SpecB and Z = SpecC.
We thus have ring homomorphisms f∗ : A → B, g∗ : A → C with f = (f̂∗, f̃∗)
and similarly for g. The maps B → B⊗AC, C → B⊗AC defined by b 
→ b⊗1,
c 
→ 1 ⊗ c give us the commutative diagram of rings

B ⊗A C B��

C

��

A.

f∗

��

g∗
��

It is not hard to see that this exhibits B⊗A C as the categorical coproduct of
B and C over A (in Rings), and thus applying Spec yields the fiber product
diagram

Spec (B ⊗A C) ��

��

Y

f

��

Z g
�� X

in Aff = Ringsop. By remark 3.5, this diagram is a fiber product diagram in
Sch as well.
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Now suppose that X, Y and Z are arbitrary schemes. We can cover X,
Y and Z by affine open subschemes Xα, Yα, Zα such that the maps f and
g restrict to fα : Yα → Xα, gα : Zα → Xα (we may have Xα = Xβ for
α �= β). We thus have the fiber products Yα ×Xα

Zα for each α. The universal
property of fiber products together with the gluing data for the individual
covers {Xα}, {Yα}, {Zα} defines gluing data for the pieces Yα ×Xα

Zα, which
forms the desired categorical fiber product Y ×X Z.

Examples 3.9 (1) A
n
F ×Spec F A

m
F

∼= A
n+m
F since

F [x1, . . . , xn] ⊗F F [y1, . . . , ym] ∼= F [z1, . . . , zn+m].

(2) Let φ : F [x] → F [s, t] be the homomorphism over F sending x to s2 − x,
giving dually the map of schemes f : A

2
F → A

1
F . The fiber product Y ×X Z,

with Y = Z = A
2
F , X = A

1
F and Y → X, Z → X both the map f , is

just Spec F [s, t] ⊗F [x] F [s, t]. The ring F [s, t] ⊗F [x] F [s, t] is the quotient of
F [s, t] ⊗F F [s, t] ∼= F [x1, x2, x3, x4] by the relation x2

1 − x2 = x2
3 − x4, which

makes the fiber product Y ×X Z isomorphic to the closed subscheme of A
4
F

defined by the ideal (x2
1 − x2 − x2

3 + x4).

Example 3.10 (The fibers of a morphism) Let X be a scheme, x ∈ |X|
a point, k(x) the residue field of the local ring OX,x. The inclusion x → |X|
together with the residue map OX,x → k(x) defines the morphism of schemes
ix : Spec k(x) → X. If f : Y → X is a morphism, we set

f−1(x) := Spec k(x) ×X Y.

Via the first projection, f−1(x) is a scheme over k(x), called the fiber of f
over x.

4 Schemes and Morphisms

In practice, one restricts attention to various special types of schemes and
morphisms. In this section, we describe the most important of these.

For a scheme X, we write |X| for the underlying topological space of X,
and OX for the structure sheaf of rings on |X|. For a morphism f : Y → X
of schemes, we usually write f : |Y | → |X| for the map of underlying spaces
(sometimes |f | if necessary) and f∗ : OX → f∗OY for the map of sheaves of
rings.

4.1 Noetherian Schemes

We amplify our discussion of noetherian rings and noetherian spaces begun
in section 1.2, where we defined a noetherian space and a noetherian ring
(definition 1.3).

Recall that a commutative ring A is noetherian if the following equivalent
conditions are satisfied:
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1. Every increasing sequence of ideals in A

I0 ⊂ I1 ⊂ . . . ⊂ In ⊂ . . .

is eventually constant.
2. Let M be a finitely generated A-module (i.e., there exist elements m1,. . .,

mn ∈ M such that each element of M is of the form
∑n

i=1 aimi with the
ai ∈ A). Then every increasing sequence of submodules of M

N0 ⊂ N1 ⊂ . . . ⊂ Nn ⊂ . . .

is eventually constant.
3. Let M be a finitely generated A-module, N ⊂ M a submodule. Then N

is finitely generated as an A-module.
4. Let I be an ideal in A. Then I is a finitely generated ideal.

If A is a noetherian ring, then the topological space |Spec A| is a noetherian
topological space (but not conversely).

We call a scheme X noetherian if |X| is noetherian, and X admits an affine
cover, X = ∪αSpec Aα with each Aα a noetherian ring. We can take the cover
to have finitely many elements. If X is a noetherian scheme, so is each open
or closed subscheme of X. In particular, SpecA is a noetherian scheme for
each noetherian ring A.

Examples 4.1 (1) A field k is clearly a noetherian ring. Recall that a prin-
cipal ideal domain (PID) is a ring A such that all ideals are generated by a
single element; clearly a PID is noetherian, in particular, Z is noetherian.

(2) The Hilbert basis theorem states that, if A is noetherian, so is the poly-
nomial ring A[x]. Thus, the polynomial rings k[x1, . . . , xn] (k a field) and
Z[x1, . . . , xn] are noetherian. If A is noetherian, so is A/I for each ideal I,
thus, every quotient of A[x1, . . . , xn] (that is, every A-algebra that is finitely
generated as an A-algebra) is noetherian. This applies to, e.g., a ring of inte-
gers in a number field, or rings of the form k[x1, . . . , xn]/I.

(3) Let A be a ring. Affine n-space over A is the affine scheme

A
n
A := SpecA[x1, . . . , xn].

If A is a noetherian ring, then A
n
A is a noetherian scheme.

4.2 Irreducible Schemes, Reduced Schemes and Generic Points

Let X be a topological space. X is called irreducible if X is not the union
of two proper closed subsets; equivalently, each non-empty open subspace of
X is dense. We have already seen that a noetherian topological space X is
uniquely a finite union of irreducible closed subspaces
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X = X0 ∪ . . . ∪ XN

where no Xi contains Xj for i �= j. We call a scheme X irreducible if |X| is
an irreducible topological space.

Example 4.2 Let A be an integral domain. Then Spec A is irreducible. In-
deed, since A is a domain, (0) is a prime ideal, and as every prime ideal con-
tains (0), Spec A is the closure of the singleton set {(0)}, hence irreducible.
The point xgen ∈ Spec A corresponding to the prime ideal (0) is the generic
point of Spec A.

An element x in a ring A is called nilpotent if xn = 0 for some n; the set of
nilpotent elements in a commutative ring A form an ideal, rad(A), called the
radical of A. Note that rad(A) is just the radial

√
(0) of the zero-ideal. A ring

A is reduced if rad(A) = {0}; clearly Ared := A/rad(A) is the maximal reduced
quotient of A. As one clearly has rad(A) ⊂ p for every prime ideal p of A, the
quotient map A → Ared induces a homeomorphism SpecAred → Spec A.

A scheme X is called reduced if for each open subset U ⊂ |X|, the ring
OX(U) contains no non-zero nilpotent elements. A reduced, irreducible scheme
is called integral. If X = SpecA is affine, then X is an integral scheme if and
only if A is a domain.

For a scheme X, we have the sheaf radX ⊂ OX with radX(U) the set of
nilpotent elements of OX(U). radX is a sheaf of ideals; we let Xred be the
closed subscheme of X with structure sheaf OX/radX . The closed immersion
Xred → X is a homeomorphism since this is the case for affine X. Thus each
scheme X has a canonical reduced closed subscheme Xred homeomorphic to X.
More generally, if Z ⊂ |X| is a closed subset, there is a unique sheaf of ideals
IZ such that the closed subscheme W of X defined by IZ has underlying
topological space Z, and W is reduced. We usually write Z for this closed
subscheme, and say that we give Z the reduced subscheme structure.

Lemma 4.3 Let X be a non-empty irreducible scheme. Then |X| has a unique
point xgen with |X| the closure of xgen. xgen is called the generic point of X

Proof. Replacing X with Xred, we may assume that X is integral. If U ⊂ X
is an affine open subscheme, then U is dense in X and U is integral, so
U = Spec A with A a domain. We have already seen that |U | satisfies the
lemma. If u ∈ |U | is the generic point, then the closure of u in |X| is |X|;
uniqueness of xgen follows from the uniqueness of ugen and denseness of U .

If X is noetherian, then |X| has finitely many irreducible components:
|X| = ∪N

i=1Xi, without containment relations among the Xi. The Xi (with
the reduced subscheme structure) are called the irreducible components of X,
and the generic points x1, . . . , xN of the components Xi are called the generic
points of X.
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Definition 4.4 Let X be a noetherian scheme with generic points x1, . . . , xN .
The ring of rational functions on X is the ring

k(X) :=
N∏

i=1

OX,xi
.

If X is integral, then k(X) is a field, called the field of rational functions on
X.

4.3 Separated Schemes and Morphisms

We have already seen that, except for trivial cases, the topological space |X|
underlying a scheme X is not Hausdorff. So, to replace the usual separation
axioms, we have the following condition: a morphism of schemes f : X → Y
is called separated if the diagonal inclusion X → X ×Y X has image δ(|X|) a
closed subset of |X ×Y X|. Noting that every scheme has a unique morphism
to Spec Z, we call X a separated scheme if X is separated over Spec Z, i.e.,
the diagonal X in X ×Spec Z X is closed.

Separation has the following basic properties:

Proposition 4.5 Let X
f−→ Y

g−→ Z be morphisms of schemes.

1. If gf is separated, then f is separated.
2. If f is separated and g is separated, the gf is separated.
3. if f is separated and h : W → Y is an arbitrary morphism, then the

projection X ×Y W → W is separated.

In addition:

Proposition 4.6 Every affine scheme is separated.

Proof. Let X = Spec A. The diagonal inclusion δ : X → X ×Spec Z X arises
from the dual diagram of rings

A

A ⊗Z A

µ

�����������

A
i1

��

id

���������������������

A

id

�����������������
i2

��

Z
��

��

where i1(a) = a ⊗ 1, i2(a) = 1 ⊗ a, and the maps Z → A are the canonical
ones. Thus µ is the multiplication map, hence surjective. Letting I ⊂ A⊗Z A
be the kernel of µ (in fact I is the ideal generated by elements a⊗ 1− 1⊗ a),
we see that δ is a closed immersion with image Spec A ⊗Z A/I.



Background from Algebraic Geometry 95

The point of using separated schemes is that this forces the condition that
two morphisms f, g : X → Y be the same to be a closed subscheme of X.
Indeed, the equalizer of f and g is the pull-back of the diagonal δY ⊂ Y × Y
via the map (f, g) : X → Y × Y , so this equalizer is closed if δY is closed in
Y × Y . Another nice consequence is

Proposition 4.7 Let X be a separated scheme, U and V affine open sub-
schemes. Then U ∩ V is also affine.

Proof. We have the fiber product diagram

U ∩ V
iU∩V ��

δ′

��

X

δX

��

U × V
iU×iV

�� X × X

identifying U ∩V with (U ×V )×X×X X. If U = SpecA and V = SpecB, then
U × V = Spec A ⊗ B is affine; since δX is a closed immersion, so is δ′. Thus
U ∩ V is isomorphic to a closed subscheme of the affine scheme Spec A ⊗ B,
hence

U ∩ V = SpecA ⊗ B/I

for some ideal I.

4.4 Finite Type Morphisms

Let A be a noetherian commutative ring. A commutative A-algebra A → B
is of finite type if B is isomorphic to quotient of a polynomial ring over A in
finitely many variables:

B ∼= A[X1, . . . , Xm]/I.

This globalizes in the evident manner: Let X be a noetherian scheme. A
morphism f : Y → X is of finite type if X and Y admit finite affine covers
X = ∪iUi = SpecAi, Y = ∪iVi = SpecBi with f(Vi) ⊂ Ui and f∗ : Ai → Bi

making Bi a finite-type Ai-algebra for each i.
In case X = SpecA for some noetherian ring A, we say that Y is of finite

type over A. We let SchA denote the full subcategory of all schemes with
objects the A-scheme of finite type which are separated over Spec A.

Clearly the property of f : Y → X being of finite type is preserved under
fiber product with an arbitrary morphism Z → X (with Z noetherian). By
the Hilbert basis theorem, if f : Y → X is a finite type morphism, then Y is
noetherian (X is assumed noetherian as part of the definition).
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4.5 Proper, Finite and Quasi-Finite Morphisms

In topology, a proper morphism is one for which the inverse image of a compact
set is compact. As above, the lack of good separation for the Zariski topology
means one needs to use a somewhat different notion.

Definition 4.8 A morphism f : Y → X is closed if for each closed subset C
of |Y |, f(C) is closed in |X|. A morphism f : Y → X is proper if

1. f is separated.
2. f is universally closed: for each morphism Z → X, the projection Z ×X

Y → Z is closed.

It is easy to see that the properness of a morphism f : Y → X is a local
property on X.

Example 4.9 A closed immersion i : Z → X is proper. Indeed, we may
assume that X is affine, X = Spec A, and that Z = Spec A/I for some ideal
I. Then Z is separated over Spec Z, hence separated over X; if we have a
morphism Y = SpecB → X corresponding to a ring homomorphism φ : A →
B, then Y ×X Z → Y is the closed subscheme defined by φ(I). Thus i is
universally closed.

Remark 4.10 Since the closed subsets in the Zariski topology are essentially
loci defined by polynomial equations, the condition that a morphism f : Y → X
is proper implies the “principle of elimination theory”: Let C be a “closed
algebraic locus” in Z ×X Y . Then the set of z ∈ |Z| for which there exist
a z̃ ∈ C ⊂ Z ×X Y is a closed subset. We will see below in the section on
projective spaces how to construct examples of proper morphisms.

Definition 4.11 Let f : Y → X be a morphism of noetherian schemes. f is
called affine if for each affine open subscheme U ⊂ X, f−1(U) is an affine open
subscheme of Y . An affine morphism is called finite if for U = Spec A ⊂ X
with f−1(U) = SpecB, the homomorphism f∗ : A → B makes B into a
finitely generated A-module.

Definition 4.12 Let f : Y → X be a morphism of noetherian schemes. f is
called quasi-finite if for each x ∈ |X|, |f |−1(x) is a finite set.

The property of a morphism f : Y → X being proper, affine, finite or quasi-
finite is preserved under fiber product with an arbitrary morphism Z → X,
and the composition of two proper (resp. affine, finite, quasi-finite) morphisms
is proper (resp. affine, finite, quasi-finite). Also

Proposition 4.13 Let X
f−→ Y

g−→ Z be morphisms of noetherian schemes.
If gf is proper (resp. finite, quasi-finite) then f is proper (resp. finite, quasi-
finite).
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A much deeper result is

Proposition 4.14 Let f : Y → X be a finite type morphism. Then f is finite
if and only if f is proper and quasi-finite.

4.6 Flat Morphisms

The condition of flatness comes from homological algebra, but has geometric
content as well. Recall that for a commutative ring A and an A-module M ,
the operation of tensor product ⊗AM is right exact:

N ′ → N → N ′′ → 0 exact
=⇒ N ′ ⊗A M → N ⊗A M → N ′′ ⊗A M → 0 exact.

M is a flat A-module if ⊗AM is exact, i.e., left-exact:

0 → N ′ → N exact =⇒ 0 → N ′ ⊗A M → N ⊗A M exact.

A ring homomorphism A → B is called flat if B is flat as an A-module.

Definition 4.15 Let f : Y → X be a morphism of schemes. f is flat if for
each y ∈ Y , the homomorphism f∗

y : OX,f(y) → OY,y is flat.

It follows from the “cancellation formula” (N ⊗A B)⊗B C ∼= N ⊗A C that
a composition of flat morphisms is flat. Once we discuss dimension, we’ll see
that a flat morphism is locally equi-dimensional (see section 5.4).

4.7 Valuative Criteria

In the study of metric spaces, sequences and limits play a central role. In
algebraic geometry, this is replaced by using the spectrum of discrete valuation
rings.

Recall that a noetherian local domain (O,m) is a discrete valuation ring
(DVR for short) if m is a principal ideal, m = (t), t �= 0. Let O have quo-
tient field F and residue field k. It is not hard to see that SpecO consists
of two points: the generic point η : SpecF → SpecO and the single closed
point Spec k → SpecO. In terms of our sequence/limit analogy, SpecF is the
sequence and Spec k is the limit. This should motivate the follow result which
characterizes separated and proper morphisms.

Proposition 4.16 Let f : Y → X be a morphism of finite type.

1. f is separated if and only if, for each DVR O and each commutative
diagram
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Spec F ��

η

��

Y

f

��

SpecO �� X

(where F is the quotient field of O), there exists at most one lifting
SpecO → Y .

2. f is proper if and only if, for each DVR O and each commutative diagram

Spec F ��

η

��

Y

f

��

SpecO �� X

(where F is the quotient field of O), there exists a unique lifting SpecO →
Y .

5 The Category Schk

In this section we fix a field k. The schemes of most interest to us in many
applications are the separated k-schemes of finite type, i.e., the objects in the
category Schk. In this section we examine a number of concepts which one
can describe quite concretely for such schemes.

5.1 R-Valued Points

The use of R-valued points allows one to recover the classical notion of “so-
lutions of a system of equations” within the theory of schemes.

Definition 5.1 Let X be a scheme, R a ring. The set of R-valued points
X(R) is by definition the Hom-set HomSch(Spec R,X). If we fix a base-ring
A, and X is a scheme over A and R is an A-algebra, we set

XA(R) := HomSchA
(Spec R,X).

We often leave off the subscript A if the context makes the meaning clear.

Example 5.2 Let X = Spec k[X1, . . . , Xn]/(f1, . . . , fr), and let F/k be an
extension field of k. Then Xk(F ) is the set of maps

Spec F → Spec k[X1, . . . , Xn]/(f1, . . . , fr)

over k, i.e., the set of k-algebra homomorphisms

ψ : k[X1, . . . , Xn]/(f1, . . . , fr) → F.
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Clearly ψ is determined by the values ψ(Xi), i = 1, . . . , n; conversely, given
elements x1, . . . , xn ∈ F , we have the unique k-algebra homomorphism

ψ̃ : k[X1 . . . , Xn] → F

sending Xi to xi. As ψ̃(fj) = fj(x1, . . . , xn), ψ̃ descends to an F -valued point
ψ of X if and only if fj(x1, . . . , xn) = 0 for all j. Thus, we have identified the
F -valued points of X with the set of solutions in F of the polynomial equations
f1 = . . . , fr = 0. This example explains the connection of the machinery of
schemes with the basic problem of understanding the solutions of polynomial
equations.

As a special case, take X = A
n
k . Then Xk(F ) = Fn for all F .

5.2 Group-Schemes and Bundles

Just as in topology, we have the notion of a locally trivial bundle E → B with
base B, fiber F and group G. The group G is an algebraic group-scheme over
k, which is just a group-object in Schk. Concretely, we have a multiplication
µ : G ×k G → G, inverse ι : G → G and unit e : Spec k → G, satisfying the
usual identities, interpreted as identities of morphisms.

Example 5.3 Let Mn = Spec k[{Xij |1 ≤ i, j ≤ n}] ∼= A
n2

k . The formula for
matrix multiplication

µ∗(Xij) =
∑

k

Xik ⊗ Xkj

defines the ring homomorphism

µ∗ : k[. . . Xij . . .] → k[. . . Xij . . .] ⊗k k[. . . Xij . . .],

hence the morphism
µ : Mn ×k Mn → Mn.

Let GLn be the open subset (Mn)det, where det is the determinant of the n×n
matrix (Xij), i.e.

GLn := Spec k[. . . Xij . . . ,
1

det
].

Then µ restricts to
µ : GLn ×k GLn → GLn,

and the usual formula for matrix inverse defines the inverse morphism ι :
GLn → GLn. The unit is given by e∗(Xij) = δij, giving us the group-scheme
GLn over k.

If G is an algebraic group-scheme over k, and F a finite type k-scheme,
an action of G on F is just a morphism ρ : G ×k F → F , satisfying the usual
associativity and unit conditions, again as identities of morphisms in Schk.
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Now we can just mimic the usual definition of a fiber-bundle with fiber F and
group G: p : E → B is required to have local trivializations,

B = ∪iUi,

with the Ui open subschemes, and there are isomorphisms over Ui,

ψi : p−1(Ui) → Ui ×k F.

In addition, for each i, j, there is a morphism gij : Ui ∩Uj → G such that the
isomorphism

ψi ◦ ψ−1
j : (Ui ∩ Uj) ×k F

is given by the composition

(Ui ∩ Uj) ×k F
(p1,gij◦p1,p2)−−−−−−−−−→ (Ui ∩ Uj) ×k G ×k F

id×ρ−−−→ (Ui ∩ Uj) ×k F.

An isomorphism of bundles f : (E → B) → (E′ → B) is given by a B-
morphism f : E → E′ such that, with respect to a common local trivialization,
f is locally of the form

U ×k F
(p1,g◦p1,p2)−−−−−−−−→ U ×k ×kGF

id×ρ−−−→ U ×k F

for some morphism g : U → G.
For example, using G = GLn, F = A

n
k , ρ : GLn ×k A

n
k → A

n
k the map with

ρ∗(Yi) =
∑

j

Xij ⊗ Yj ,

we have the notion of an algebraic vector bundle of rank n.

5.3 Dimension

Let A be a commutative ring. We have already discussed the Krull dimension
of A: the maximal length n of a chain

p0 ⊂ p1 ⊂ . . . ⊂ pn

of distinct prime ideals in A. In this section, we describe other notions of
dimension and how they relate to Krull dimension.

Let F be a finitely generated field extension of k. A set of elements of F are
transcendentally independent if they satisfy no non-trivial polynomial identity
with coefficients in k. A transcendence basis of F over k is a transcendentally
independent set {xα ∈ F} of elements of F such that F is algebraic over
the subfield k({xα}) generated by the xα, i.e., each element x ∈ F satisfies
some non-trivial polynomial identity with coefficients in k({xα}). The same
argument that shows a vector space admits a basis and has a well-defined
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dimension shows that each F admits a transcendence basis over k and that
each two transcendence bases of F over k have the same cardinality; the
cardinality of a transcendence basis is called the transcendence dimension of
F over k, tr.dimkF . Clearly if F is finitely generated over k, then tr.dimkF
is finite. In particular, if X is an integral k-scheme of finite type over k, then
the function field k(X) has finite transcendence dimension over k.

Definition 5.4 Let X be an irreducible separated k-scheme of finite type. The
dimension of X over k is defined by

dimk X := tr.dimkk(Xred).

In general, if X is a separated k-scheme of finite type with reduced irreducible
components X1, . . . , Xn, we write

dimk X ≤ d

if dimk Xi ≤ d for all i. We say that X is equi-dimensional over k of dimension
d if dimk Xi = d for all i.

Remark 5.5 We can make the notion of dimension have a local character as
follows: Let X be a separated finite type k-scheme and x ∈ |X| a point. We say
dimk(X,x) ≤ d if there is some neighborhood U of x in X with dimk U ≤ d.
We similarly say that X is equi-dimensional over k of dimension d at x if
there is a U with dimk U = d. We say X is locally equi-dimensional over k if
X is equi-dimensional over k at x for each x ∈ |X|.

If X is locally equi-dimensional over k, then the local dimension function
dimk(X,x) is constant on connected components of |X|. Thus, if W ⊂ X is
an integral closed subscheme, then the local dimension function dimk(X,w)
is constant over W . We set codimXW = dimk(X,w) − dimk W . If w is the
generic point of W and codimXW = d, we call w a codimension d point of
X.

We thus have two possible definitions of the dimension of SpecA for A
a domain which is a finitely generated k-algebra, dimk Spec A and the Krull
dimension of A. Fortunately, these are the same:

Theorem 5.6 (Krull) Let A be a domain which is a finitely generated k-
algebra. Then dimk Spec A equals the Krull dimension of A.

This result follows from the principal ideal theorem of Krull :

Theorem 5.7 (Krull) Let A be a domain which is a finitely generated k-
algebra, let f be a non-zero element of A and p ⊃ (f) a minimal prime ideal
containing (f). Then dimk Spec A = dimk Spec A/p + 1.

the Hilbert Nullstellensatz:
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Theorem 5.8 Let A be a finitely generated k-algebra which is a field. Then
k → A is a finite field extension.

and induction.

5.4 Flatness and Dimension

There is a relation of flatness to dimension: Let f : Y → X be a finite type
morphism of noetherian schemes. Then for each x ∈ |X|, f−1(x) is a scheme
of finite type over the field k(x), so one can ask if f−1(x) is equi-dimensional
over k(x) and if so, what is the dimension. If X and Y are irreducible and f is
flat, then there is an integer d ≥ 0 such that for each x ∈ |X|, either f−1(x) is
empty or f−1(x) is an equi-dimensional k(x)-scheme of dimension d over k(x).
If f : Y → X is a flat morphism in Schk, with X and Y equi-dimensional
over k, then each non-empty fiber f−1(x) is equi-dimensional over k(x), and

dimk Y = dimk X + dimk(x) f−1(x).

Remark 5.9 For a morphism f : Y → X in Schk with X and Y irreducible,
the fiber dimension satisfies

dimk(x) f−1(x) ≥ dimk Y − dimk X

if f−1(x) �= ∅. In addition, the fiber dimension is upper semi-continuous: if y
is in the closure of x and f−1(y) �= ∅ then

dimk(x) f−1(x) ≥ d =⇒ dimk(x) f−1(y) ≥ d.

5.5 Smooth Morphisms and étale Morphisms

The analog in algebraic geometry of a differentiable manifold of dimension n
is a finite type k-scheme X which is smooth of dimension n over Spec k. The
cotangent bundle of a manifold is replaced by the sheaf of relative Kähler
differentials for the structure morphism f : X → Spec k. For smooth k-
schemes X and Y , the local algebraic theory is just like that for manifolds: a
k-morphism f : Y → X is smooth if and only if f is a submersion. An étale
morphism is the analog of a local isomorphism in the differentiable category;
in particular, a proper étale morphism is the analog of a covering space. In
this section, we give an introduction to this circle of ideas and constructions.

Let φ : A → B be a ring homomorphism, and M a B-module. Recall that
a derivation of B into M over A is an A-module homomorphism ∂ : B → M
satisfying the Leibniz rule

∂(bb′) = b∂(b′) + b′∂(b).

Note that the condition of A-linearity is equivalent to ∂(φ(a)) = 0 for a ∈ A.
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The module of Kähler differentials, ΩB/A, is a B-module equipped with a
universal derivation over A, d : B → ΩB/A, i.e., for each derivation ∂ : B → M
as above, there is a unique B-module homomorphism ψ : ΩB/A → M with
∂(b) = ψ(db). It is easy to construct ΩB/A: take the quotient of the free B-
module on symbols db, b ∈ B, by the B-submodule generated by elements of
the form

d(φ(a)) for a ∈ A

d(b + b′) − db − db′ for b, b′ ∈ B

d(bb′) − bdb′ − b′db for b, b′ ∈ B.

Let B̄ = B/I for some ideal I. We have the fundamental exact sequence:

I/I2 → ΩB/A ⊗B B̄ → ΩB̄/A → 0, (5)

where the first map is induced by the map f 
→ df .

Example 5.10 Let k be a field, B := k[X1, . . . , Xn] the polynomial ring over
k. Then ΩB/k is the free B-module on dX1, . . . , dXn. If B = k[X1, . . . , Xn]/I
then the fundamental sequence shows that ΩB/k is the quotient of ⊕n

i=1B ·dXi

by the submodule generated by df =
∑

i
∂f

∂Xi
dXi for f ∈ I.

Definition 5.11 Let f : Y → X be a morphism of finite type. f is smooth if

1. f is separated.
2. f is flat
3. Each non-empty fiber f−1(x) is locally equi-dimensional over k(x).
4. Let y be in |Y |, let x = f(y), let dy = dimk(x)(f−1(x), y) and let By =

Of−1(x),y. Then ΩBy/k(x) is a free By-module of rank dy.

The map f is étale if f is smooth and dy = 0 for all y.

Remarks 5.12 (1) If X and Y are integral schemes, or if X and Y are in
Schk and are both locally equi-dimensional over k, then the flatness of f im-
plies the condition (3).
(2) Smooth (resp. étale) morphisms are stable under base-change: if f : Y →
X is smooth (resp. étale) and Z → X is an arbitrary morphism, then the
projection Z ×X Y → Z is smooth (resp. étale). There is a converse: A mor-
phism g : Z → X is faithfully flat if g is flat and |g| : |Z| → |X| is surjective.
A morphism f : Y → X is smooth (resp. étale) if and only if the projection
Z ×X Y → Z is smooth (resp. étale) for some faithfully flat Z → X.

Examples 5.13 (1) Let k → L be a finite extension of fields. Then Spec L →
Spec k is smooth if and only if Spec L → Spec k is étale if and only if k → L
is separable.
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(2) Let x be a point of a scheme X, mX,x ⊂ OX,x the maximal ideal. The
completion ÔX,x of OX,x with respect to mX,x is the limit

ÔX,x := lim←
n

OX,x/mn
X,x.

For example, if x is the point (X1, . . . , Xn) in X := Spec k[X1, . . . , Xn], then
ÔX,x is the ring of formal power series k[[X1, . . . , Xn]].

Suppose k is algebraically closed and f : Y → X is a morphism of finite
type k-schemes. Then f is étale if and only if for each closed point y ∈ Y ,
the map f∗

y : OX,f(y) → OY,y induces an isomorphism on the completions
f̂∗

y : ÔX,f(y) → ÔY,y. In particular, if X = A
n
k , then each ÔY,y is isomorphic

to a formal power series ring k[[X1, . . . , Xn]].

Definition 5.14 X in Schk is called a smooth k-scheme if the structure
morphism X → Spec k is smooth. We let Sm/k denote the full subcategory
of Schk consisting of the smooth k-schemes. If X is in Schk, we call a point
x ∈ |X| a smooth point if there is exists an open neighborhood U of x in X
which is smooth over Spec k.

Let O be a noetherian local ring with maximal ideal m. Recall that a
sequence of elements t1, . . . , tr in m is a regular sequence if for each i = 1, . . . , r
the image t̄i in O/(t1, . . . , ti−1) is not a zero-divisor. It turns out that if
t1, . . . , tr is a regular sequence, then so is each reordering of the sequence.

The local ring O is called regular if the maximal ideal is generated by a
regular sequence. If O = OX,x for some point x on a scheme X, a choice
(t1, . . . , tn) of a regular sequence generating mX,x is called a system of local
parameters for X at x.

From the standpoint of homological algebra, the regular local rings are
characterized by the theorem of Auslander-Buchsbaum as those for which the
residue field O/m admits a finite free resolution, or equivalently, those for
which every finitely generated O-module admits a finite free resolution. The
relation with smooth points is

Proposition 5.15 Take X ∈ Schk and x ∈ |X|. If x is a smooth point, then
OX,x is a regular local ring, and the maximal ideal is generated by a regular
sequence (t1, . . . , tn) with n = codimXx. Conversely, if k is perfect (k has
characteristic 0 or k has characteristic p > 0 and kp = k), and OX,x is a
regular local ring for some x ∈ X, then x is a smooth point of X.

Similarly, one can view a system of parameters as follows:

Proposition 5.16 Let X be in Schk, x ∈ X a closed point. Suppose X is
equi-dimensional over k at x, and let n = dimk(X,x). Take t1, . . . , tn in mX,x
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and let U be an open neighborhood of x in X with ti ∈ OX(U) for each i, giving
the morphism

f := (t1, . . . , tn) : U → A
n
k

with f(x) = 0.

1. If f is étale at x, then x is a smooth point of X and t1, . . . , tn is a system
of parameters for OX,x

2. If k is perfect, then the following are equivalent:
a) f is étale at x.
b) x is a smooth point of X and t1, . . . , tn is a system of parameters for

OX,x.
c) The completion ÔX,x is a power-series ring in t1, . . . , tn over k(x):

ÔX,x = k(x)[[t1, . . . , tn]].

Another important property of smooth points on X ∈ Schk is that the
set of smooth points forms an open subset of |X|. In particular X ∈ Schk is
smooth over k if and only if each closed point of X is a smooth point. The
closed subset of non-smooth (singular) points of X is denoted Xsing.

5.6 The Jacobian Criterion

The definition of a smooth point on an affine k-scheme X ⊂ A
n
k can be given

in terms of the familiar criterion from differential topology. Suppose that X is
defined by an ideal I ⊂ k[X1, . . . , Xn], I = (f1, . . . , fr). Let x be a closed point
of X. For g ∈ k[X1, . . . , Xn], we have the “value” g(x) ∈ k(x), where g(x) is
just the image of g under the residue homomorphism k[X1, . . . , Xn] → k(x).
In particular, we can evaluate the Jacobian matrix of the fi’s at x forming
the matrix

Jac(x) :=
(

∂fi
∂Xj

)
(x) ∈ Mn×n(k(x)).

Proposition 5.17 Let X := Spec k[X1, . . . , Xn]/(f1, . . . , fr). Then x ∈ X is
a smooth point if and only if X is equi-dimensional over k at x and

rank(Jac(x)) = n − dimk(X,x).

The proof follows by considering the fundamental exact sequence (5).

6 Projective Schemes and Morphisms

Classical algebraic geometry deals with algebraic subsets of projective space.
In this section, we describe the modern machinery for constructing closed
subschemes of projective spaces and, more generally, projective morphisms.
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6.1 The Functor Proj

The functor Spec is the basic operation going from rings to schemes. We
describe a related operation Proj from graded rings to schemes.

Recall that a (non-negatively) graded ring is a ring R whose underlying
additive group is a direct sum, R = ⊕∞

n=0Rn, such that the multiplication
respects the grading:

Rn · Rm ⊂ Rn+m.

We assume all our rings are commutative, so R is automatically an R0-algebra.
An element of Rn is said to be homogeneous of degree n. An ideal I ⊂ R

is called homogeneous if I =
∑∞

n=0 I ∩Rn; we often write In for Rn ∩ I. Note
that I is homogeneous if and only if the following condition holds:

If f is in I, and we write f =
∑

n fn with fn ∈ Rn, then each fn is also in
I.

(6)
If R is a graded ring and I ⊂ R a homogeneous ideal, then R/I is also graded,
R/I = ⊕∞

n=0Rn/In.

Example 6.1 Fix a ring A, and let R = A[X0, . . . , Xm], where we give each
Xi degree 1. Then R has the structure of a graded ring, with R0 = A, and
Rn the free A-module with basis the monomials Xd0

0 · . . . ·Xdm
m of total degree

n =
∑

i di. Unless we make explicit mention to the contrary, we will always
use this structure of a graded ring on A[X0, . . . , Xm].

Fix a noetherian ring A. We consider graded A-algebras R = ⊕∞
n=0Rn such

that

1. R0 = A · 1, i.e. R0 is generated as an A-module by 1,
2. R is generated as an A-algebra by R1, and R1 is finitely generated as an

A-module.

Equivalently, if R1 is generated over A by elements r0, . . . , rm, then sending
Xi to ri exhibits R as a (graded) quotient of A[X0, . . . , Xm]. Letting I be
the kernel of the surjection A[X0, . . . , Xm] → R, we see that I is a graded
ideal, so there are homogeneous polynomials f1, . . . , fr ∈ A[X0, . . . , Xm] with
I = (f1, . . . , fr).

Let R be a graded A-algebra satisfying (1) and (2). We let R+ ⊂ R be
the ideal ⊕n≥1Rn. Define the set Proj R to be the set of homogeneous prime
ideals p ⊂ R such that p does not contain R+. For a homogeneous ideal I, we
let

Vh(I) = {p ∈ ProjR | p ⊃ I},
The operation Vh has properties analogous to the properties for V listed in
(1), so we can define a topology on ProjR for which the closed subsets are
exactly those of the form Vh(I), for I a homogeneous ideal..
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We now define a sheaf of rings on Proj R. For this, we use a homogeneous
version of localization. Let S be a subset of R. If S is a multiplicatively closed
subset of R, containing 1, we define S−1

h R to be the ring of fractions f/s with
s ∈ Sn := S ∩ Rn, f ∈ Rn, n = 0, 1, . . ., modulo the usual relation

f/s = f ′/s′ if s′′(s′f − sf ′) = 0 for some s′′ ∈ Sn′′ .

Note that S−1
h R is just a commutative ring, we have lost the grading.

Let Y = ProjR. For f ∈ Rn, we have the open subset Yf := Y \ Vh((f)).
Let S(f) = {1, f, f2, . . .} and set OY (Yf ) := S(f)−1

h R. This forms the “par-
tially defined” sheaf on the principal open subsets Yf . If U = Y \Vh(I) is now
an arbitrary open subset of ProjR, we set

OY (U) := ker(
∏

f∈I
f homogeneous

OY (Yf ) →
∏

f,g∈I
f,g homogeneous

OY (Yfg))

where the map is the difference of the two restriction maps. Just as for affine
scheme, this defines a sheaf of rings OY on Y with the desired value OY (Yf ) =
S(f)−1

h R on the principal open subsets Yf .

Lemma 6.2 Let f be in Rn. Then (Yf , (OY )|Yf
) ∼= Spec S(f)−1

h R as ringed
spaces.

Proof (sketch of proof). Let Z = SpecS(f)−1
h R. Let J ⊂ R be a homogeneous

ideal. Form the ideal Jf ⊂ S(f)−1
h R as the set of elements g/fm, g ∈ Jnm.

Conversely, let I ⊂ S(f)−1
h R be an ideal. Let Ih ⊂ R be the set of elements

of the form g, with g ∈ Rnm and g/fm ∈ I. Then Ih is a homogeneous ideal
in R.

One checks the relations:

(Ih)f = I; (Jf )h ⊃ J.

In addition, the operations I 
→ Ih, J 
→ Jf send prime ideals to prime ideals,
and if q ⊂ R is a homogeneous prime, q �⊃ (f), then (qf )h = q. Thus, we have
the bijection between Yf and Z, which one easily sees is a homeomorphism.
Under this homeomorphism, the open subset Yfg, g ∈ Rnm, corresponds to
the open subset Zg/fm . Similarly, the isomorphism

OZ(Zg/fm) = S(g/fm)−1(S(f)−1
h R) ∼= S(fg)−1

h R = OY (Yfg)

shows that we can extend our homeomorphism to an isomorphism of ringed
spaces Yf

∼= Z.

Now take p ∈ Y = Proj R, and take some element f ∈ R1 \ p1. Then p is
in Yf ; by the lemma above, this gives us an affine open neighborhood of p.
Thus ProjR is a scheme.

Sending a ∈ A to a/f0 ∈ OY (Yf ) gives the ring homomorphism p∗ : A →
OY (Y ), and hence the structure morphism p : ProjR → Spec A.
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Example 6.3 We take the most basic example, namely

R = k[X0, . . . , Xn],

k a field. The scheme ProjR is then the projective n-space over k, P
n
k →

Spec k. We have the affine open cover P
n
k = ∪n

i=0Ui, where Ui = (Proj R)Xi
=

Spec k[X0/Xi, . . . , Xn/Xi]. As k[X0/Xi, . . . , Xn/Xi] is clearly a polynomial
ring over k in variables Xj/Xi, j �= i, we have the isomorphisms Ui

∼= A
n
k .

The change of coordinates in passing from Ui to Uj is just

(Xm/Xj) = (Xm/Xi)(Xi/Xj),

which is the same as the standard patching data for the complex or real pro-
jective spaces.

We have a similar description of the F -valued points of P
n
k , for F/k an

extension field. Indeed, if f : SpecF → P
n
k is a morphism over Spec k, then,

as |Spec F | is a single point, f must factor through some Ui ⊂ P
n
k . Thus, we

have the F -valued point of Spec k[X0/Xi, . . . , Xn/Xi], i.e., a homomorphism
ψ : k[X0/Xi, . . . , Xn/Xi] → F , which is given by the values ψ(Xm/Xi) = x

(i)
m

for m �= i, ψ(Xi/Xi) = x
(i)
i = 1. If we make a different choice of affine open

Uj, we have the point (x(j)
0 , . . . , x

(j)
n ) with x

(j)
m = x

(i)
m /x

(i)
j for m = 0, . . . , n.

Thus, we have the familiar description of P
n
k (F ) as

P
n
k (F ) =

{
x = (x0, . . . , xn) ∈ Fn+1 \ {0}

}
/x ∼ λ · x, λ ∈ F \ {0}.

We denote the equivalence class of a point (x0, . . . , xn) by (x0 : . . . : xn).

It is not hard to see that a (graded) surjection of graded A-algebras R → R̄
gives rise to a closed immersion Proj R̄ → ProjR, and this in turn identifies
the collection of closed subschemes of Proj R with the collection of homoge-
neous ideals J ⊂ R, where we identify two such ideals J and J ′ if the local-
izations Jx, J ′

x agree for all x ∈ R1. For example, if we have homogeneous
polynomials f1, . . . , fr ∈ k[X0, . . . , Xn], these generate a homogeneous ideal
J = (f1, . . . , fr), and give us the closed subscheme Y := Proj k[X0, . . . , Xn]/J
of P

n
k . The F -valued points of Y are exactly the F -valued points (x0 : . . . : xn)

with fj(x0, . . . , xn) = 0 for all j.

Remark 6.4 The equivalence relation on homogeneous ideas described above
using localization is just

Proj k[X0, . . . , Xn]/J = Proj k[X0, . . . , Xn]/J ′

as closed subschemes of P
n
k

⇐⇒ Jm = J ′
m for m >> 0.

More generally, if R = ⊕n≥0Rn is a graded A algebra satisfying our con-
ditions (1) and (2), choosing A-module generators r0, . . . , rn for R1 defines
the surjection of graded A-algebras π : A[X0, . . . , Xn] → R and thus identifies
ProjR with the closed subscheme of P

n
A defined by the homogeneous ideal

ker π.
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6.2 Properness

The main utility of Proj is that it gives a direct means of constructing proper
morphisms without going to the trouble of explicitly gluing affine schemes.

Proposition 6.5 Let R be a graded A-algebra satisfying (1) and (2) above.
Then the structure morphism p : Proj R → Spec A is a proper morphism of
finite type..

Proof. If f0, . . . , fm generate R1 over A, then the finite affine open cover

ProjR = ∪m
i=0(ProjR)fi

exhibits p as a morphism of finite type. To check that p is proper, we use the
valuative criterion of proposition 4.16.

Sending Xi to fi defines a graded surjection k[X0, . . . , Xm] → R, that is,
a closed immersion i : ProjR → P

m
A making

ProjR i ��

		���������
P

m
A

��

Spec A

commute. As a closed immersion is proper, it suffices to show that P
m
A →

Spec A is proper.
So, let O be a DVR with quotient field F and maximal ideal (t), and

suppose we have a commutative diagram

Spec F
f

��

η

��

P
m
A

p

��

SpecO
g

�� Spec A

Replacing A with O, we may assume that g = id.
One can extend our characterization of the F -valued points of P

m
O to

the O-valued points as follows: The O-valued points of P
m
O are n + 1-tuples

(r0, . . . , rm) of elements of O with not all ri in (t), modulo multiplication by
units in O.

The F -valued point f of P
m
O consists of an m+1-tuple (f0, . . . , fm), fi ∈ F ,

with not all fi = 0, modulo scalar multiplication by F×. Write each fi as

fi = uit
ni

where (t) is the maximal ideal of O, the ui are units and the ni integers.
Letting n be the minimum of the ni, (u0t

n0−n, . . . , umtnm−n) gives the same
F -valued point as f and all the coordinates are in O, not all in (t), giving us
a lifting SpecO → P

m
O . Our characterization of P

m
O (O) also proves uniqueness

of the lifting.
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6.3 Projective and Quasi-Projective Morphisms

Definition 6.6 Let X be a noetherian k-scheme. A morphism f : Y → X is
called projective if f admits a factorization f = p ◦ i, where p : P

n
k ×k X → X

is the projection and i : Y →: P
n
k ×k X is a closed immersion. A morphism

f : Y → X is called quasi-projective if f admits a factorization f = f̄ ◦ j,
with j : Y → Ȳ an open immersion and f̄ : Ȳ → X a projective morphism.

A k-scheme X is called a projective (resp. quasi-projective) k-scheme if
the structure morphism p : X → Spec k is projective (resp. quasi-projective).

Proposition 6.7 A projective morphism is a proper morphism of finite type.

Proof. Since a closed immersion is a proper morphism of finite type, it suf-
fices to prove the case of the projection P

n
k ×k X → X, which follows from

proposition 6.5 and the fact that the property of a morphism being proper
and of finite type is preserved by arbitrary base-change.

Remark 6.8 (The Segre embedding) The projective property is preserved
by taking products. In fact, consider the tensor product k[X0, . . . , Xn] ⊗k

k[Y0, . . . , YM ] where we give k[X0, . . . , Xn] and k[Y0, . . . , YM ] the grading by
degree. Consider the polynomial ring k[{Zij |0 ≤ i ≤ N, 0 ≤ j ≤ M}]; we have
the homomorphism

φ∗
N,M : k[Zij ] → k[X0, . . . , Xn] ⊗k k[Y0, . . . , YM ]

sending Zij to Xi ⊗ Yj. It is not hard to see that the kernel of φ∗
N,M is a

homogeneous ideal, and that φ∗
N,M defines a closed immersion

φN,M : P
N
k ×k P

M
k → P

(N+1)(M+1)−1,

called the Segre embedding. Restricting to closed subschemes X ⊂ P
N
k and

Y ⊂ P
M
k , we see that, if X and Y are projective k-schemes, so is X ×k Y a

projective k-scheme.

Remark 6.9 (Elimination theory) Using the principle of elimination the-
ory for a proper morphism (remark 4.10) and proposition 6.7, we have the
classical statement of elimination theory: Setting P

N
k := Proj k[X0, . . . , XN ],

P
M
k := Proj k[Y0, . . . , YM ], suppose that C ⊂ P

N
k ×k P

M
k is defined by polyno-

mial equations f�(X,Y ) in the Xi and Yj which are separately homogeneous
in the Xi and in the Yj:

f�(λX, µY ) = λdµef�(X,Y ).

Then p1(C) ⊂ P
N
k is defined by homogeneous equations in the Xi.

Classically, the explicit elimination of the Yj was performed by using re-
sultants.
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Example 6.10 Fix positive integers M and d. The k-vector space of homo-
geneous polynomials in Y0, . . . , YM of degree d has basis the monomials of

degree d, and is thus a k-vector space of dimension
(

M + d
d

)

. For an index

I := (i0, . . . , iM ) with ij ≥ 0,
∑

j ij = d, we have the corresponding monomial
Y I ; let {XI} be a set of variables indexed by such I.

Setting N :=
(

M + d
d

)

−1, we thus have the universal hypersurface of de-

gree d, H, as the closed subscheme of P
N
k ×kP

M
k defined by the bi-homogeneous

polynomial
F (X;Y ) :=

∑

I

XIY
I .

Clearly the fiber Ha of H over a point a := (. . . : aI : . . .) of P
N
k is the degree

d hypersurface Ha of P
M
k defined by F (a;Y ).

Let Hsing be the closed subscheme of P
N
k ×k P

M
k defined by the bi-

homogeneous ideal generated by F (X;Y ) and all the partial derivatives ∂F (X;Y )/∂Yj,
j = 0, . . . ,M . By the Jacobian criterion for smoothness, Hsing ∩Ha is the set
of singular (i.e., non-smooth) points of Ha. Thus, the projection

discd,M := p1(Hsing)

is the set of points a ∈ P
N
k such that Ha has a singular point.

By the principle of elimination theory, discd,M is a closed subset of P
N
k ,

hence defined by a homogeneous ideal. In fact, for d ≥ 2, discd,M has pure
codimension one and is thus defined by a single homogeneous equation. For the
case M = 1, this is (up to a scalar) the classical discriminant of polynomials
of degree d.

6.4 Globalization

One can use the operation Proj to define proper morphisms over non-affine
schemes as well. One simply replaces graded A-algebras with graded sheaves
of OX -algebras. If R = ⊕n≥0Rn is a sheaf of graded OX -algebras for some
noetherian scheme X, then R(U) is a graded OX(U)-algebra for all open
subschemes U of X. We require that X admits an affine open cover X =
∪iUi := SpecAi such that the graded Ai-algebra R(Ui) satisfies our conditions
(1) and (2) for each i. The Ai-schemes Proj Ai

R(Ui) then patch together to
give the X-scheme p : ProjOX

R → X. p is clearly a proper morphism, as
properness is a local property on the base scheme.

One can show that, in case X is a quasi-projective scheme over a field k,
then ProjOX

R → X is actually a projective morphism, i.e., there exists a
closed immersion ProjOX

R → P
N
k ×k X for some N >> 0. Thus, we are not

getting any new schemes over X by this added generality, however, this does
make some useful constructions more natural.
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Example 6.11 Let E be a rank n + 1 locally free sheaf of OX-modules on a
noetherian scheme X. Form the sheaf of symmetric algebras R := Sym∗

OX
(E).

Take an affine open cover X = ∪iUi trivializing E. If Ui = Spec Ai, a choice
of an isomorphism resUi

E ∼= On+1
Ui

gives an isomorphism

R(Ui) ∼= Ai[X0, . . . , Xn].

On Ui ∩ Uj the isomorphism resUi∩Uj
resUi

E ∼= resUi∩Uj
resUj

E yields a
change of coordinates in the variables Xl, given by an invertible matrix
gij ∈ GLn+1(OX(Ui ∩ Uj)). This data gives us a rank n + 1 vector bundle
E → X with sheaf of sections isomorphic to E, and one has the isomorphism
of X-schemes

ProjOX
Sym∗

OX
(E) ∼= P(E∨),

where E∨ is the dual bundle and P(E∨) → X is the fiber bundle with fiber the
projective space P(E∨

x ) over a point x ∈ X,

P(E∨
x ) := E∨

x \ {0}/v ∼ λv; λ ∈ k(x)∗.

We write P(E) for ProjOX
Sym∗

OX
(E).

6.5 Blowing Up a Subscheme

A very different type of Proj is the blow-up of a subscheme Z ⊂ X with X
in Schk. Let IZ be the ideal sheaf defining Z. The X-scheme π : BlZX → X
is defined as

BlZX := ProjOX
(⊕n≥0In

Z),

where we give I∗
Z := ⊕n≥0In

Z the structure of a graded OX -algebra by using
the multiplication maps In

Z × Im
Z → In+m

Z . As we have seen, π is a proper
morphism, and is projective if for example X is quasi-projective over k.

To analyze the morphism π, let U = X \ Z. The restriction of IZ to U
is OU , so the restriction of I∗

Z to U is ⊕n≥0OU with the evident multipli-
cation. This is just the graded OU -algebra OU [X0] (deg X0 = 1); using the
evident correspondence between graded ideals in A[X0] and ideals in A, for a
commutative ring A, we see that

π−1(U) = ProjOU
(OU [X0]) = U,

with π the identity map. Over Z, something completely different happens:
Z ×X Bl(X,Z) is just ProjOZ

(I∗
Z ⊗OX

OZ). Since OZ = OX/IZ , we find

In
Z ⊗OX

OX/IZ = In
Z/In+1

Z ,

hence
π−1(Z) = ProjOZ

(⊕n≥0In
Z/In+1

Z ).

The sheaf of OZ-modules IZ/I2
Z is called the conormal sheaf of Z in X. If

Z is locally defined by a regular sequence of length d then IZ/I2
Z is a locally



Background from Algebraic Geometry 113

free sheaf of OZ-modules (of rank d); the dual of the corresponding vector
bundle on Z is the normal bundle of Z in X, NZ/X . For example, if both Z
and X are smooth over k, and d = codimXZ, then Z is locally defined by
a regular sequence of length d and NZ/X is the usual normal bundle from
differential topology.

Assuming that Z is locally defined by a regular sequence of length d, we
have the isomorphism of graded OZ-algebras

⊕n≥0In
Z/In+1

Z
∼= Sym∗(IZ/I2

Z).

Thus π−1(Z) is a P
d−1-bundle over Z, in fact

π−1(Z) = P(NZ/X).

Thus, we have “blown-up” Z in X by replacing Z with the projective space
bundle of normal lines to Z.

The simplest example is the blow-up of the origin 0 ∈ A
m
k . This yields

BlZX

= Proj k[X1,...,Xm](⊕n≥0(X1, . . . , Xm)n)

= Proj k[X1,...,Xn](k[X1, . . . , Xm, Y1, . . . , Ym]/(. . . XiYj − XjYi . . .)),

where we give the Yi’s degree 1. The fiber over 0 is thus

Proj k(k[Y1, . . . , Ym]) = P
m−1
k ,

which we identify with the projective space of lines in A
m
k through 0.

At this point, we should mention the fundamental result of Hironaka on
resolution of singularities:

Theorem 6.12 (Hironaka [8]) Let k be an algebraically closed field of char-
acteristic zero, X a reduced finite type k-scheme. Then there is a sequence of
morphisms of reduced finite type k-schemes

XN → XN−1 → . . . → X1 → X0 = X

and reduced closed subschemes Zn ⊂ Xn sing, n = 0, . . . , N − 1 such that

1. each Zn is smooth over k.
2. Xn+1 → Xn is the morphism BlZn

Xn → Xn.
3. XN is smooth over k.

The hypothesis that k be algebraically closed was later removed, but the result
in characteristic p > 0 and in mixed characteristic is still an important open
problem.



II

Sheaves for a Grothendieck Topology

A presheaf on a topological space T is a contravariant functor on the category
Op(T ) of open subsets of T ; a sheaf S is just a presheaf satisfying a patching
condition and a locality condition, namely, the exactness of

S(U)
∏

α resUα,U
��
∏

α S(Uα)

∏
α,β resUα∩Uβ,Uα

��

∏
α,β resUα∩Uβ,Uβ

��

∏
α.β S(Uα ∩ Uβ)

for each open cover U = ∪αUα of each open subset U ⊂ T . Grothendieck
showed how to generalize this construction to a small category equipped with
an extra structure, which is given by covering families or covering sieves. In
this part, we recall Grothendieck’s theory and discuss its main points.

The applications to motivic homotopy theory that appear in this book will
mainly use the example of the Nisnevich topology on the category of smooth
schemes of finite type over a field. For a more thorough discussion of the main
topic of this chapter, and for more details on properties of étale cohomology,
we direct the interested reader to [1], [2], [3] and [11].

Notation. Sets is the category of sets, Ab the category of abelian groups.
For k a field, we let Schk denote the category of separated schemes of finite
type over k, and Sm/k the full subcategory of smooth schemes over k.

7 Limits

Before discussing presheaves and sheaves, we need some basic results on limits.

7.1 Definitions

Let I be a small category, A a category and F : I → A a functor. Form the
category lim

→
F with objects
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(X, {fi : F (i) → X | i ∈ I})

with X in A and with the condition that, for each morphism g : i → i′ in I,
we have fi′ ◦ F (g) = fi. A morphism

φ : (X, {fi : F (i) → X}) → (X ′, {f ′
i : F (i) → X ′})

is a morphism φ : X → X ′ in A with f ′
i = φ ◦ fi for all i. Dually, we have the

category lim
←

F with objects

(X, {fi : X → F (i) | i ∈ I})

such that for each morphism g : i → i′ in I, we have fi′ = F (g) ◦ fi; a
morphism

φ : (X, {fi : X → F (i)}) → (X ′, {f ′
i : X ′ → F (i)})

is a morphism φ : X → X ′ in A with f ′
i ◦ φ = fi for all i.

Definition 7.1 Let I be a small category, A a category and F : I → A
a functor. The inductive limit lim

→
F is an initial object in lim

→
F , and the

projective limit lim
←

F is a final object in lim
←

F .

Example 7.2 For A = Sets we have explicit expressions for lim
→

F and lim
←

F :

lim
→

F is the quotient of the disjoint union
∐

i∈I F (i) by the relation

xi ∈ F (i) ∼ F (g)(xi) ∈ F (i′)

for g : i → i′ in I, and lim
←

F is the subset of
∏

i∈I F (i) consisting of elements
∏

i xi with F (g)(xi) = xi′ for g : i → i′ in I.
For A = Ab, replacing disjoint union with direct sum in the above yields

lim
→

F ; the projective limit lim
←

F is defined by exactly the same formula as for
Sets.

One can express the universal property of lim
→

F and lim
←

F in terms of

limits of sets by the formulas (for fixed Z in A):

HomA(lim
→

F,Z) ∼= lim
←

HomA(F (−), Z) (7)

HomA(Z, lim
←

F ) ∼= lim
←

HomA(Z,F (−)) (8)

Here HomA(F (−), Z) : Iop → Sets and HomA(Z,F (−)) : I → Sets are
the functors i 
→ HomA(F (i), Z) and i 
→ HomA(Z,F (i)), respectively, and
the isomorphisms are induced by the structure morphisms F (i) → lim

→
F ,

lim
←

F → F (i). In fact
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Proposition 7.3 The identities (7) and (8) characterize lim
→

F and lim
←

F ,

respectively, i.e., lim
→

F together with the maps F (i) → lim
→

F , i ∈ I, represents
the functor

Z 
→ lim
←

HomA(F (−), Z)

and lim
←

F together with the maps lim
←

F → F (i), i ∈ I, represents the functor

Z 
→ lim
←

HomA(Z,F (−)).

7.2 Functoriality of Limits

Let F : I → A and G : I → A be functors. A natural transformation of
functors θ : F → G yields functors θ∗ : lim

→
G → lim

→
F and θ∗ : lim

←
F →

lim
←

G, thus a morphism on the initial, resp. final, objects

θ∗ : lim
→

F → lim
→

G; θ∗ : lim
←

F → lim
←

G

assuming these exist. These satisfy (θ ◦ θ′)∗ = θ∗ ◦ θ′∗.
Similarly, a functor f : J → I induces f∗ : lim

→
F ◦ f → lim

→
F and f∗ :

lim
←

F → lim
←

F ◦ f , with (ff ′)∗ = f∗ ◦ f ′
∗ and (ff ′)∗ = f ′∗ ◦ f∗.

7.3 Representability and Exactness

A functor G : C → D is called left exact if G commutes with finite projective
limits, right exact if G commutes with finite inductive limits and exact if both
left and right exact. From our formulas for lim

→
F and lim

←
F , we have:

Proposition 7.4 For A = Sets,Ab:

1. lim
→

F and lim
←

F both exist for arbitrary functors F : I → A.
2. F 
→ lim→

I

F is right exact

3. F 
→ lim←
I

F is left exact.

In general, F 
→ lim→
I

F is not left-exact, however, under special conditions

on I, this is the case. The usual conditions are:

L1. Given i → j, i → j′ in I, there exists a commutative square

j




��

��
��

��

i

����������




��

��
��

�� k

j′

��							
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L2. Given morphisms i
f

��

g
�� j there is a morphism h : j → k with hf = hg.

L3. Give i, i′, there are morphisms i → j, i′ → j.

A category I satisfying L1−L3 is called a filtering category. The main result
on filtered inductive limits is

Proposition 7.5 Let I be a small filtering category, A = Sets or A = Ab.
Then F 
→ lim→

I

F is exact.

For a proof, see [3].

7.4 Cofinality

It is often useful to replace an index category I with a subcategory ε : J → I.
In general, this changes inductive and projective limits, but there is a criterion
which ensures that lim→

I

F = lim→
J

F ◦ ε.

Definition 7.6 A subcategory J of a small category I is called cofinal if

1. Given i ∈ I, there is a morphism i → j with j ∈ J .
2. J is a full subcategory of I.

Here the main result is:

Lemma 7.7 Suppose that ε : J → I is a cofinal subcategory of a small cate-
gory I. Then for F : I → Sets or F : I → Ab, the map

ε∗ : lim→
J

F ◦ ε → lim→
I

F

is an isomorphism.

8 Presheaves

Fix a small category C and a category A. A presheaf P on C with values in a
category A is a functor

P : Cop → A.

Morphisms of presheaves are natural transformations of functors. This defines
the category of A-valued presheaves on C, PreShvA(C).

Remark 8.1 We require C to be small so that the collection of natural trans-
formations ϑ : F → G, for presheaves F,G, form a set. It would suffice that
C be essentially small (the collection of isomorphism classes of objects form a
set). In practice, one often ignores the smallness condition on C.
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8.1 Limits and Exactness

One easily sees that the existence, exactness and cofinality of limits in Sets or
Ab (proposition 7.4, proposition 7.5, lemma 7.7) is inherited by the presheaf
category:

Proposition 8.2 For B = PreShvSets(C) or B = PreShvAb(C):

1. lim
→

F and lim
←

F both exist for arbitrary functors F : I → B.
2. F 
→ lim

→
F is right exact

3. F 
→ lim
←

F is left exact.
4. If I is filtering, then F 
→ lim

→
F is exact

5. If ε : J → I is cofinal, then ε∗ : lim→
J

F ◦ ε → lim→
I

F is an isomorphism.

Indeed, since inductive and projective limits are functors, we have the formulas
(for F : I → PreShvA(C))

(lim
→

F )(X) = lim→
i∈I

F (i)(X)

(lim
←

F )(X) = lim←
i∈I

F (i)(X).

8.2 Functoriality and Generators for Presheaves

Let f : C → C′ be a functor of small categories. Composition with f defines
the presheaf pull-back

fp : PreShvA(C′) → PreShvA(C).

Lemma 8.3 For A = Sets,Ab, fp has a left adjoint

fp : PreShvA(C) → PreShvA(C′).

fp is right-exact and fp is exact.

Proof. Recall that a functor L : B → B′ is left-adjoint to a functor R : B′ → B
(equivalently, R is right adjoint to L) if there are isomorphisms

θX,Y : HomB(X,R(Y )) → HomB′(L(X), Y ) (9)

natural in X and Y . Taking Y = L(X) and X = R(Y ) and applying the
isomorphism to the respective identity elements, we find morphisms ψX :
X → R ◦L(X) and φY : L ◦R(Y ) → Y which yield the isomorphism θX,Y by
(f : X → R(Y )) 
→ φY ◦L(f) and its inverse by (g : L(X) → Y ) 
→ R(g)◦ψX .
Conversely, given natural transformations ψ : id → R ◦ L and φ : L ◦ R → id,
L and R form an adjoint pair if the compositions
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R
ψ◦R−−−→ R ◦ L ◦ R

R◦φ−−−→ R

L
L◦ψ−−−→ L ◦ R ◦ L

φ◦L−−→ L

are the identity natural transformations. It follows immediately from the exis-
tence of the natural isomorphism (9) that L is right-exact and R is left-exact.

To define the functor fp, take Y ∈ C′ and let IY be the category with
objects pairs (X,φ), where φ : Y → f(X) is a morphism in C′. A morphism
g : (X,φ) → (X ′, φ′) is a morphism g : X → X ′ in C with φ′ = f(g) ◦ φ. IY is
a small category.

For F ∈ PreShvA(C), let FY : Iop
Y → A be the functor FY (X,φ) = F (X)

and set
(fpF )(Y ) := lim

→
FY .

A morphism g : Y ′ → Y in C′ gives the functor g∗ : IY → IY ′ by g∗(X,φ) =
(X,φ ◦ g), and we have the identity FY = FY ′ ◦ g∗. Thus, the functor

(g∗)∗ : lim
→

FY → lim
→

FY ′

gives the morphism

(fpF )(g) : (fpF )(Y ) → (fpF )(Y ′)

satisfying (fpF )(gg′) = (fpF )(g′) ◦ (fpF )(g). We have therefore constructed a
presheaf fpF on C′.

To show that fp is left-adjoint to fp, we need to construct natural maps
ψF : F → fpfpF and φG : fpf

pG → G for F ∈ PreShvA(C) and G ∈
PreShvA(C′). For this, note that fpfpF (X) = (fpF )(f(X)). We have the
object (X, idf(X)) in If(X), giving the canonical map

F (X) = Ff(X)(X, idf(X)) → lim
→

Ff(X) = (fpF )(f(X)),

which defines ψF . For Y ∈ C′, fpf
pG(Y ) is the limit over IY of the functor

(X,φ) 
→ G(f(X)). For each (X,φ) ∈ IY , we have the map G(φ) : G(f(X)) →
G(Y ); the universal property of lim

→
thus yields the desired map φG(Y ) :

fpf
pG(Y ) → G(Y ). One checks the necessary compatibility (R◦φ)◦(ψ◦R) =

idR, (φ ◦ L) ◦ (L ◦ ψ) = idL without trouble.
The right-exactness of fp follows from the adjoint property; the exactness

of fp follows from the fact that limits in the presheaf category are taken
pointwise: (lim F )(X) = lim F (X).

8.3 Generators for Presheaves

Recall that a set of generators for a category C is a set of objects S of C with
the property that, if f, g : A → B are morphisms in C with f �= g, then there
exists an X ∈ S and a morphism h : X → A with fh �= gh. If S = {X}, X is
called a generator for C.
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Example 8.4 Sets has as generator the one-point set 0, and Ab has the
generator Z. If inductive limits exist in C and C has a set of generators S,
then

∐
X∈S X is a generator for C.

Let C be a small category. We will use the functor fp to construct genera-
tors for the presheaf categories PreShvA(C), A = Sets,Ab.

Take X in C, let ∗ denote the one-point category (with only the identity
morphism) and iX : ∗ → C the functor with iX(∗) = X. Since PreShvA(∗) =
A, we have the functor

iXp : Sets → PreShvSets(C).

Let ΞX = iXp(0). Similarly, we have iXp : Ab → PreShvAb(C); we set
ZX := iXp(Z). As ipX(P ) = P (X), the adjoint property of iXp and ipX gives

P (X) = HomSets(0, ipX(P )) = HomPreShvSets(C)(ΞX , P )

P (X) = HomAb(Z, ipX(P )) = HomPreShvAb(C)(ZX , P )

for P in PreShvSets(C), resp. P in PreShvAb(C). Clearly this shows

Proposition 8.5 {ΞX | X ∈ C} is a set of generators for PreShvSets(C)
and {ZX | X ∈ C} is a set of generators for PreShvAb(C).

8.4 PreShvAb(C) as an Abelian Category

We begin this section by recalling some of the basic facts on abelian categories.
Let A be an additive category, i.e., the Hom-sets are given the structure of

abelian groups such that, for each morphism f : X → Y , and object Z of A,
the maps f∗ : Hom(Z,X) → Hom(Z, Y ) and f∗ : Hom(Y,Z) → Hom(X,Z)
are group homomorphisms. In addition, one requires that finite coproducts
(direct sums) exist. One shows that this implies that finite products also
exist, and products and coproducts agree. In particular, A has an initial and
final object 0.

If A is an additive category, and f : X → Y a morphism, i : ker f → X is a
morphism which is universal for maps g : Z → X such that fg = 0, i.e. there
exists a unique morphism φ : Z → ker f such that iφ = g. Dually, j : Y →
cokerf is universal for morphisms h : Y → Z such that hf = 0, in that there
is a unique morphism ψ : cokerf → Z with h = ψj. These morphisms, if they
exist, are called the categorical kernel and categorical cokernel, respectively.

An abelian category is an additive category A such that each morphism
f : X → Y admits a categorical kernel and cokernel, and the canonical map

coker(ker f) → ker(cokerf)

is an isomorphism. The object ker(cokerf) is the image of f , denoted imf .
The primary example of an abelian category is the category ModR of (left)
modules over a ring R, for example Ab := ModZ.
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A complex in an abelian category A is a sequence of morphisms

. . .
dn−2

−−−→ Mn−1 dn−1

−−−→ Mn dn

−→ Mn+1 dn+1

−−−→ . . .

with dn ◦ dn−1 = 0 for all n. Under this condition, the map dn−1 factors as

Mn−1 → im dn−1 → ker dn → Mn.

The cohomology of a complex (M∗, d∗) is defined by

Hn(M∗, d∗) := coker(im dn−1 → ker dn),

i.e., the familiar quotient object ker dn/im dn−1. We call the complex acyclic if
all cohomology objects Hn vanish. Viewing a complex as a sequence of maps,
one also refers to an acyclic complex as an exact sequence.

An injective object in an abelian category A is an object I such that, for
each monomorphism i : N ′ → N , the map i∗ : HomA(N, I) → HomA(N ′, I)
is surjective. Dually a projective object in A is an object P such that, for
each epimorphism j : N → N ′ the map j∗ : HomA(P,N) → HomA(P,N ′) is
surjective. We say that A has enough injectives if each object M of A admits
a monomorphism M → I with I injective; A has enough projectives if each
M admits an epimorphism P → M with P projective.

These conditions are useful, as we shall see later, for defining right and left
derived functors of left- and right-exact functors. For now, we will only recall
that a right-resolution of an object M in an abelian category A is an acyclic
complex of the form

0 → M → I0 → . . . → In → . . .

and dually a left-resolution is an acyclic complex of the form

. . . → Pn → . . . → P 0 → M → 0.

A right-resolution with all In injective is an injective resolution of M ; a left-
resolution with all Pn projective is a projective resolution of M . Clearly, if A
has enough injectives, then each M in A admits an injective resolution, dually
if A has enough projectives.

We now return to our discussion of the presheaf category. Let C be a small
category, A an abelian category and f : F → G a map in PreShvA(C). Since
the categorical ker and coker are defined by universal properties, it is clear
that X 
→ ker(f(X) : F (X) → G(X)) and X 
→ coker(f(X) : F (X) → G(X))
define A-valued presheaves ker f , cokerf on C and that these are the respective
categorical kernel and cokernel of f . Thus

Proposition 8.6 Let A be an abelian category. Then PreShvA(C) is an
abelian category where, for f : F → G a morphism, ker f , resp. cokerf are
the presheaves

(ker f)(X) = ker f(X); (cokerf)(X) = cokerf(X).
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We recall the basic result of Grothendieck on the existence of enough
injective objects:

Theorem 8.7 (Grothendieck [6]) Let A be an abelian category. Suppose
that

1. (small) inductive limits exist in A.
2. if I is a small filtering category, then (F : I → A) 
→ lim

→
F is exact.

3. A has a set of generators.

Then A has enough injectives.

Remark 8.8 The condition (1) is equivalent to the condition (AB3) in [6];
the conditions (1) and (2) together is equivalent to the condition (AB5) in [6].

Proposition 8.9 For a small category C, the abelian category PreShvAb(C)
has enough injectives.

Proof. The conditions (1) and (2) of theorem 8.7 follow from proposition 8.2.
Condition (3) is proposition 8.5.

9 Sheaves

We recall the definition of a Grothendieck pre-topology on a category C, and
the resulting category of sheaves. Unless explicitly mentioned to the contrary,
we will assume that the value category A is either Sets or Ab; we leave it to
the reader to make the necessary changes for more general value categories,
such as simplicial sets, G-Sets for a group G or ModR for a ring R. See the
remarks at the end of section 9.2 for a discussion of presheaves and sheaves
of simplicial sets.

9.1 Grothendieck Pre-Topologies and Topologies

For a category C and object X in C, we let C/X denote the category of
morphisms Y → X in C, i.e. the objects are morphisms f : Y → X and a
morphism g : (f : Y → X) → (f ′ : Y ′ → X) is a morphism g : Y → Y ′ in C
with f = f ′ ◦ g.

Definition 9.1 Let C be a category. A Grothendieck pre-topology τ on C is
given by the following data: for each object X ∈ C there is a set Covτ (X) of
covering families of X, where a covering family of X is a set of morphisms
{fα : Uα → X | α ∈ A} in C. The sets Covτ (X) should satisfy the following
axioms:

A1. {idX} is in Covτ (X) for each X ∈ C.
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A2. For {fα : Uα → X} ∈ Covτ (X) and g : Y → X a morphism in C, the
fiber products Uα ×X Y all exist and {p2 : Uα ×X Y → Y } is in Covτ (Y ).

A3. If {fα : Uα → X} is in Covτ (X) and if {gαβ : Vαβ → Uα} is in Covτ (Uα)
for each α, then {fα ◦ gαβ : Vαβ → X} is in Covτ (X).

We will not need the notion of a Grothendieck topology in order to make
the construction of primary interest for us, namely sheaves. Roughly speak-
ing, giving a pre-topology is analogous to giving a basis of open subsets for
a topology on a set; in particular each Grothendieck pre-topology generates
a Grothendieck topology. For this reason, we will often omit the distinction
between a pre-topology and a topology on a category. However, just for com-
pleteness, we briefly recall the definition of a Grothendieck topology.

Definition 9.2 (1) Let C be a (small) category, X an object in C. A sieve on
X is a subfunctor of HomC(−,X), i.e. a set S of objects of C/X such that,
for each f : Y → X in S and each morphism g : Z → Y in C, the composition
f ◦ g : Z → X is in S.

(2) Let F := {f : Yi → X} be a collection of morphisms in C. The sieve
generated by F is the collection of morphisms h : Y → X which admit a
factorization h = f ◦ g for some f in F .

(3) If S is a sieve over X and f : Z → X is a morphism in C, the re-
striction SZ of S to Z is the sieve over Z generated by the maps g : Y → Z
such that f ◦ g is in S.

Definition 9.3 Let C be a (small) category. A Grothendieck topology on C
consists in giving, for each object X of C a family S(X) of sieves over X,
called covering sieves, such that

a1. The sieve generated by idX is a covering sieve of X.
a2. If S is a covering sieve of X and f : Z → X is a morphism in C, then SZ

is a covering sieve of Z.
a3. Let S be a covering sieve of X. If T is a sieve over X such that, for each

f : Y → X in S, the restriction TY is a covering sieve of Y , then T is a
covering sieve of X.

A category C together with a Grothendieck topology on C is called a site.

If we are given for each X ∈ C a family S0(X) of sieves over X, there is
clearly a minimal Grothendieck topology X 
→ S(X) with S(X) ⊃ S0(X) for
all X; this is the Grothendieck topology generated by the S0(X).

If we are given a Grothendieck pre-topology τ on C, we have, for each X in
C and each covering family {fα : Uα → X} ∈ Covτ (X), the sieve generated by
the covering family. The resulting collection of sieves generates a Grothendieck
topology on C.
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From now on, we will define all our Grothendieck topologies via cover-
ing families, and not distinguish between a Grothendieck pre-topology and a
Grothendieck topology.

Examples 9.4 (1) The “classical” example is the topology T on C = Op(T ),
for T a topological space. Here Op(T ) is the category of open subsets of T ,
with morphisms corresponding to inclusions of subsets. For U ⊂ T open,
{fα : Uα → U} is in CovT (U) if U = ∪αUα. A somewhat less classical
example is to let C be the category of topological spaces Top (this is not a
small category, but let’s ignore this). Setting CovTop(U) = CovU (U) gives a
topology on Top. Note that for Uα ⊂ U open and f : V → U a continuous
map, the fiber product V ×U Uα is just the open subset f−1(Uα) of V . In par-
ticular, for {fα : Uα → U} in Cov(U), the fiber product Uα ×U Uβ is just the
intersection Uα ∩ Uβ.

(2) We will be mostly interested in Grothendieck topologies on subcategories of
Schk, k a field. The first example is the category Op(|X|), X ∈ Schk, with the
covering families as in (1), where |X| denotes the topological space underlying
the scheme X. This gives the Zariski topology on X; we denote this site by
XZar. We can extend this topology to all of Schk, as in example (1), giving
the “big” Zariski site SchkZar.

(3) Take X ∈ Schk. The étale site Xét has as underlying category the schemes
over X, f : U → X such that f is an étale morphism of finite type. For such
a U , a covering family {fα : Uα → U} is a set of étale morphisms (of finite
type) such that

∐
α |Uα| → |U | is surjective. As in (2) one can use the same

definition of covering families to define the big étale site Schkét.

(4) The Nisnevich topology is between the étale and Zariski topologies: an
étale covering family {fα : Uα → U} is a Nisnevich covering family if for
each field extension L ⊃ k, the induced map on the L-valued points

∐

α

Uα(L) → U(L)

is surjective; this condition clearly implies that {fα : Uα → U} is in Covét(U).
This defines the Nisnevich topology on X. We denote the associated site by
XNis. The same definition of covering families defines the Nisnevich topology
on Schk, with associated site SchkNis.

One can phrase the condition on the L-valued points somewhat differently:
For each point w ∈ U , there is an α and a wα ∈ Uα with fα(wα) = w and
with f∗

α : k(w) → k(wα) an isomorphism. This condition for a particular
w ∈ |U | with closure W ⊂ U is equivalent to saying that for some α, the map
fα : Uα → U admits a section over some dense open subscheme W 0 of W .

(5) The h-topology and variants (see [15, Chap. 2, §4]). We recall that a
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map of schemes f : Y → X is a topological epimorphism if the map on the
underlying spaces |f | : |Y | → |X| identifies |X| with a quotient of |Y | (|f |
is surjective and U ⊂ |X| is open if and only if |f |−1(U) is open in |Y |). f
is a universal topological epimorphism if p2 : Y ×X Z → Z is a topological
epimorphism for all Z → X.

The covering families in the h-topology are finite sets {fi : Ui → X}
such that each fi is of finite type and

∐
i Ui → X is a universal topological

epimorphism.
The covering families in the qfh-topology are the h-coverings {fi : Ui →

X} such that each fi is quasi-finite.
The covering families in the cdh-topology are those generated (i.e., by it-

eratively applying the axioms A2 and A3) by

a) Nisnevich covering families

b) families of the form {X ′�F
p
i−−→ X}, with p : X ′ → X proper, i : F → X

a closed immersion and p : p−1(X \ i(F )) → X \ i(F ) an isomorphism.

(6) The indiscrete topology on a category C is the topology ind with

Covind(X) = {{idX}}.

Remark 9.5 Suppose we have a Grothendieck topology τ on a category C.
Let C0 be a full subcategory of C such that, if X is in C0, g : Y → X is a
morphism is C0 and {fα : Uα → X | α ∈ A} is in Covτ (X), then each Uα is
in C0 and each fiber product Y ×X Uα is in C0. Then we can restrict τ to C0,
defining the Grothendieck topology τC0 on C0, by setting

CovτC0
(X) = Covτ (X)

for X in C0.
As an important example, let Sm/k denote the full subcategory of Schk

consisting of the smooth k-schemes of finite type. Then the Zariski, étale and
Nisnevich topologies on Schk restrict to Grothendieck topologies on Sm/k,
giving us the sites Sm/kZar, Sm/két and Sm/kNis.

9.2 Sheaves on a Site

To define A-valued sheaves for some value-category A, we need to be able
to state the sheaf axiom, so we require that A admits arbitrary products
(indexed by sets). Recall that the equalizer of two morphisms f, f ′ : A → B
in A, is a morphism i : A0 → A which is universal for morphisms g : Z → A
such that fg = f ′g, i.e., there exists a unique morphism φ : Z → A0 with
g = iφ. If i : A0 → A is the equalizer of f and f ′, we say the sequence

A0
i �� A

f
��

f ′
�� B is exact.
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Remarks 9.6 (1) The equalizer of f and f ′ is the same is the projective limit

over the category I:= A
f

��

f ′
�� B of the evident inclusion functor I → A.

(2) If A is an abelian category, then A0
i �� A

f
��

f ′
�� B is exact if and only

if 0 → A0
i �� A

f−f ′
�� B is exact in the usual sense.

If A is as above, S an A-valued presheaf on C and {fα : Uα → X | α ∈
A} ∈ Covτ (X) for some X ∈ C, we have the “restriction” morphisms

f∗
α : S(X) → S(Uα)

p∗1,α,β : S(Uα) → S(Uα ×X Uβ)

p∗2,α,β : S(Uβ) → S(Uα ×X Uβ).

Taking products, we have the diagram in A

S(X)
∏

f∗
α ��

∏
α S(Uα)

∏
p∗
1,α,β

��

∏
p∗
2,α,β

��

∏
α.β S(Uα ×X Uβ). (10)

Definition 9.7 Let A be a category having arbitrary (small) products, and let
τ be a Grothendieck pre-topology on a small category C. An A-valued presheaf
S on C is a sheaf for τ if for each covering family {fα : Uα → X} ∈ Covτ ,
the sequence (10) is exact. The category ShvA

τ (C) of A-valued sheaves on C
for τ is the full subcategory of PreShvA(C) with objects the sheaves.

Remark 9.8 For the examples discussed in 9.4, we use the following nota-
tion: If X is a topological space, we write ShvA(X) for ShA

X(Op(X)). For X
a finite type k-scheme, we write ShA

τ (X) for ShA
τ (Xτ ), where τ = Zar, ét,

etc. We use a similar notation, PreShvA(X) (X a topological space) or
PreShvA

τ (X) (X a finite type k-scheme, τ = Zar, ét, etc.) for the respec-
tive presheaf categories. In case A = Sets, we sometimes omit the A from the
notation.

For the indiscrete topology on C, we have

ShvA
ind(C) = PreShvA(C)

so the presheaf category is also a category of sheaves.

Remark 9.9 Suppose that our category C has an initial object ∅ and finite
coproducts; we also suppose that the value category A has finite products. A
presheaf P : Cop → A is called additive if the canonical map

P (
n∐

i=1

Xi) →
n∏

i=1

P (Xi)
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induced by the inclusions Xi → �iXi is an isomorphism; in particular P (∅)
is isomorphic to the initial object of A.

Now suppose we have a topology τ on C such that the collection of inclu-
sions {Xi → �n

i=1Xi | i = 1, . . . , n} is in Covτ (�iXi). Then every sheaf is
additive (as a presheaf). Thus, if we wish to understand the τ -sheaves on C,
we can restrict our attention to the sheafification of additive presheaves.

An Example: Sheaves on Spec két

Let k be a field. The category underlying the étale site Spec két is the opposite
of the category of finite, separable k-algebras by sending k → A to SpecA →
Spec k; each such k-algebra A is a finite product, A =

∏n
i=1 Fi, with k → Fi a

finite separable field extension, and hence SpecA → Spec k is just the disjoint
union of the finite étale maps Spec Fi → Spec k.

An additive presheaf P on Spec két (with values in Ab) is thus a covariant
functor from the category of finite separable k-algebras to Ab, which sends
products to products. P is thus determined by its value on the subcategory of
finite separable field extensions k → F . Note that, if k → F is finite separable
extension each automorphism φ of F over k is a morphism in the category of
extensions, hence acts on P (F ).

In this language, the sheaf axiom is equivalent to the following condition:
Let F → K be a Galois extension over k with group G := Gal(K/F ) and with
F and K finite separable field extensions of k. Then the natural map

P (F ) → P (K)G

is an isomorphism.
In particular, let Gk be the Galois group of k, i.e. Gk = Gal(ksep/k) where

k → ksep is a fixed separable closure of k. Gk is a profinite group; let M be a
continuous Gk-module, where we give M the discrete topology. For each finite
separable subextension k → F → ksep, let GF ⊂ Gk be the subgroup fixing
F and let

PM (F ) := MGF

be the GF -fixed submodule of M . Sending M to the functor F 
→ PM (F )
gives an equivalence of the category of sheaves of abelian groups on Spec két

with the category of continuous discrete Gk-modules. The inverse functor is
defined by writing ksep as the union of fields Fn over a tower of finite separable
extensions of k:

k = F0 ⊂ F1 ⊂ . . . ⊂ Fn ⊂ . . . ⊂ ksep

and sending P to limn P (Fn).
As we shall see below, one can define sheaf cohomology in the setting of

sheaves on a Grothendieck site. The case of cohomology of a sheaf of abelian
groups on Xét thus generalizes the classical theory of Galois cohomology,
which is the case X = Spec k.
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Simplicial Presheaves and Sheaves

For motivic homotopy theory one uses presheaves and sheaves of simplicial
sets; we explain how our discussion of presheaves and sheaves of sets extends
to this setting.

Let ∆ be the category with objects the ordered sets [n] := {0, . . . , n}
(with the standard order) and with morphisms the order-preserving maps
of sets. The category of simplicial sets sSets is just the presheaf cate-
gory PreShvSets(∆), i.e., the category of functors F : ∆op → Sets. Thus,
for a small category C, we have the identification of the presheaf category
PreShvsSets(C) with the category of presheaves of sets on C × ∆. This in
turn is the same as the category of simplicial presheaves on C, i.e., functors
∆op → PreShvSets(C).

Similarly, if we have a topology τ on C, we have the induced topology
τ on C × ∆, with Covτ (X × [n]) := in(Covτ (X)) for each X ∈ C, where
in : C → C × ∆ is the inclusion functor in(X) := X × [n], in(f) = f × id[n].
This defines the category of sheaves on C × ∆, which is the same as as the
category of functors ∆op → ShvSets

τ (C), i.e., simplicial sheaves. Concretely,
a simplicial presheaf n 
→ Fn is a simplicial sheaf if and only if each Fn is a
sheaf.

All the basic results on presheaves and sheaves of sets extend without
change to presheaves and sheaves of simplicial sets via these identifications.

Projective Limits

The left-exactness of projective limits allows one to construct projective limits
of sheaves easily:

Lemma 9.10 Let F : I → PreShvA(C) be a functor such that F (i) is a
τ -sheaf for all i ∈ I, A = Sets or A = Ab. Then the presheaf lim

←
F is a

τ -sheaf.

Proof. Take {fα : Uα → X} in Covτ . For each i, the sequence

F (i)(X)
∏

f∗
α ��

∏
α F (i)(Uα)

∏
p∗
1,α,β

��

∏
p∗
2,α,β

��

∏
α.β F (i)(Uα ×X Uβ).

is exact. The left-exactness of lim
←

in A and the definition of the presheaf limit

implies (see remark 9.6) that

(lim
←

F )(X)
∏

f∗
α ��

∏
α(lim

←
F )(Uα)

∏
p∗
1,α,β

��

∏
p∗
2,α,β

��

∏
α.β(lim

←
F )(Uα ×X Uβ).

is exact, whence the result.
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This yields

Proposition 9.11 Let C be a small category and let τ be a Grothendieck
pre-topology on C. Take A = Sets or A = Ab. Then

1. small projective limits exist in ShvA
τ (C).

2. (F : I → ShvA
τ (C)) 
→ lim

←
F is left-exact.

Sheafification

Let i : ShvA
τ (C) → PreShvA(C) be the inclusion functor. A modification of

the sheafification construction for sheaves on a topological space yields:

Theorem 9.12 For A = Sets,Ab, the inclusion i admits a left adjoint aτ :
PreShvA(C) → ShvA

τ (C).

The proof proceeds in a number of steps. To begin, a presheaf P is called
separated (for the pre-topology τ) if for each {fα : Uα → X} in Covτ , the
map

P (X) →
∏

α

P (Uα)

is a monomorphism. We first construct a functor P 
→ P+ on presheaves with
the property that P+ is separated for each presheaf P .

Definition 9.13 Let U := {fα : Uα → X | α ∈ A} and V := {gβ : Vβ →
X | β ∈ B} be in Covτ (X). We say that V is a refinement of U if there exists
a map of sets r : B → A and morphisms φβ : Vβ → Ur(β) in C for each β ∈ B,
such that gβ = fr(β) ◦ φβ for all β. The pair ρ := (r, {φβ , β ∈ B}) is called a
refinement mapping, written

ρ : V → U .

Let U = {fα : Uα → X | α ∈ A} be in Covτ (X). For a presheaf P , define
PX(U) by the exactness of

PX(U) ��
∏

α P (Uα)

∏
p∗
1,α,α′

��

∏
p∗
2,α,α′

��
∏

α.α′ P (Uα ×X Uα′).

PX(U) exists since projective limits exist in Sets and in Ab. Since fα ◦
p1,α,α′ = fα′ ◦p2,α,α′ , the universal property of the equalizer gives us a canon-
ical map

εU : P (X) → PX(U).

Similarly, each refinement mapping ρ = (r, {φβ}) : V → U gives a commuta-
tive diagram
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P (X)
εU ��

εV
		














PX(U)

ρ∗

��

PX(V)

where ρ∗ is induced by the commutative diagram

PX(U)

ρ∗

��

��
∏

α P (Uα)

∏
p∗
1,α,α′

��

∏
p∗
2,α,α′

��

π

��

∏
α.α′ P (Uα ×X Uα′)

π

��∏
β P (Ur(β))

∏
β φ∗

β

��

∏
p∗
1,r(β),r(β′)

��

∏
p∗
2,r(β),r(β′)

��

∏
β,β′ P (Ur(β) ×X Ur(β′))

∏
β,β′ φ∗

β×φ∗
β′

��

PX(V) ��
∏

β P (Vβ)

∏
p∗
1,β,β′

��

∏
p∗
2,β,β′

��

∏
β.β′ P (Vβ ×X Vβ′),

and where the maps π are the respective projections.

Lemma 9.14 Suppose we have two refinement mappings ρ, ρ′ : V → U . Then
ρ∗ = ρ′∗.

Proof. Write ρ = (r, {φβ}), ρ′ = (r′, {φ′
β}). For each β. let ψβ : Vβ → Ur(β)×X

Ur′(β) be the map (φβ , φ′
β). If

∏
α xα is in PX(U) ⊂

∏
α P (Uα) then

φ∗
β(xr(β)) = ψ∗

β ◦ p∗1,r(β),r′(β)(xr(β))

= ψ∗
β ◦ p∗2,r(β),r′(β)(xr′(β))

= φ′∗
β (xr′(β)).

Now let Covτ (X) be the category with objects Covτ (X) and a unique
morphism V → U if there exists a refinement mapping ρ : V → U . We have
defined the functor PX : Covτ (X)op → A sending U to PX(U) and V → U to
ρ∗ for any choice of a refinement mapping ρ : V → U . For later use, we record
the structure of the category Covτ (X):

Lemma 9.15 Covτ (X)op is a small filtering category.

Proof. Since HomCovτ (X)(V,U) is either empty or has a single element, prop-
erties L1 and L2 follow from L3. If U = {fα : Uα → X} and V = {gβ : Vβ →
X} are in Covτ (X), then {Uα×X Vβ → X} is a common refinement, verifying
L3.

We set
P+(X) := lim→

Covτ (X)op
PX .
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The maps εU : P (X) → PX(U) define the map εX : P (X) → P+(X).
Let g : Y → X be a morphism in C. If U = {fα : Uα → X} is in

Covτ (X), we have the covering family g∗U := {p2 : Uα ×X Y → Y } in
Covτ (Y ). The operation U 
→ g∗U respects refinement, giving the functor
ĝ∗ : Covτ (X) → Covτ (Y ), with (̂gh)

∗
canonically isomorphic to ĥ∗ĝ∗. If U =

{fα : Uα → X} is in Covτ (Y ), pull-back by the projections Uα ×X Y → Uα

defines the map g∗U : PX(U) → PY (ĝ∗U)). The maps g∗U define a natural
transformation g∗? : PX → PY ◦ ĝ∗. Thus, we have the map on the limits

g∗ := (ĝ∗)∗ ◦ (g∗? )∗ : P+(X) → P+(Y ).

With these pull-back maps, we have defined a presheaf P+ on C; the maps εX

define the map of presheaves εP : P → P+.
If f : P → Q is a morphism of presheaves, f induces in the evident manner

a natural transformation fX : PX → QX and hence a map on the limits
f+(X) : P+(X) → Q+(X). The maps f+(X) define a morphism of presheaves
f+ : P+ → Q+, compatible with the maps εP , εQ. Thus we have define
a functor + : PreShvA(C) → PreShvA(C) and a natural transformation
ε : id → +.

Lemma 9.16 Let P be a presheaf on C with values in Sets,Ab.

1. P+ is a separated presheaf.
2. If P is separated, then P+ is a sheaf
3. If P is a sheaf, then εP : P → P+ is an isomorphism.

Proof. For (1), take {fα : Uα → X} in Covτ (X). Since Covτ (X) is filtering,
each element x ∈ P+(X) is represented by an xV ∈ PX(V) for some V ∈
Covτ (X), and xV , xV′ represent the same element in P+(X) if and only if
there is a common refinement ρ : W → V, ρ′ : W → V ′ with ρ∗(xV) = ρ′∗(xV′)
in P (W). Similar remarks describe P+(Uα).

Now, if for x, x′ ∈ P+(X) have f∗
α(x) = f∗

α(x′) for all α, choose a covering
family V and elements xV , x′

V ∈ PX(V) representing x, x′. Replacing V and U
with a common refinement, we may assume that V = U . Write

xU =
∏

α

xα ∈ P (Uα),

x′
U =

∏

α

x′
α ∈ P (Uα).

The element f∗
α(xU ) is represented by the collection

∏
α′ p∗1α′(xα′) in PUα

(U×X

Uα), where U ×X Uα is the covering family {Uα′ ×X Uα → Uα} of Uα. The
diagonal Uα → Uα ×X Uα gives the refinement {id} → U ×X Uα, so f∗

α(xU ) is
also represented by xα ∈ P (Uα).

The identity f∗
α(xU ) = f∗

α(x′
U ) thus is equivalent to the assertion that there

is a covering family Vα = {gαβ : Vαβ → Uα} in Covτ (Uα) such that g∗αβ(xα) =
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g∗αβ(x′
α) for all β. Replacing U with the covering family {fα ◦gαβ : Vαβ → X},

we may assume that Vα is the identity covering family, i.e. that xα = x′
α in

P (Uα). But then x = x′, as desired.
For (2), suppose that P is separated, take {fα : Uα → X} in Covτ (X),

and suppose we have elements xα ∈ P+(Uα) with

p∗1,α,α′(xα) = p∗2,α,α′(xα′) in P+(Uα ×X Uα′)

for all α, α′. We need to show that there exists an element x ∈ P+(X) with
f∗

α(x) = xα, as the injectivity of P+(X) →
∏

α P+(Uα) follows from (1).
The element xα is represented by a collection

∏

β

xαβ ∈ PUα
(Vα) ⊂

∏

β

P (Vαβ)

for some Vα := {Vαβ → Uα} ∈ Covτ (Uα). Since P is separated, the relation
p∗1,α,α′(xα) = p∗2,α,α′(xα′) in P+(Uα ×X Uα′) implies the relation

p∗1,αβ,α′β′(xαβ) = p∗2,αβ,α′β′(xα′β′)

in P (Vαβ ×X Vα′β′). This in turn implies that the collection
∏

α,β xαβ ∈∏
α,β P (Vαβ) is in the subset PX(V), where V is the covering family {Vαβ →

X}. This yields the desired element of P+(X).
For (3), let U be in Covτ (X) and suppose P is a τ -sheaf. Then P (X) →

P (U) is an isomorphism, hence we have an isomorphism on the limit εP (X) :
P (X) → P+(X).

We define the functor aτ : PreShvA(C) → ShA
τ (C) by aτ = + ◦ +. By the

lemma just proved, aτ is well-defined and aτ ◦ i is naturally isomorphic to the
identity on ShA

τ (C). We call aτ the sheafification functor.

Lemma 9.17 The sheafification functor aτ : PreShvA(C) → ShA
τ (C) is left-

adjoint to the inclusion functor i.

Proof. Let P be a presheaf, S a sheaf and f : P → i(S) a morphism of
presheaves. Applying aτ gives the commutative diagram

P

εP

��

f
�� i(S)

εi(S)

��

aτ (P )
aτ (f)

�� aτ (i(S))

As εi(S) is an isomorphism, sending f to ε−1
i(S) ◦aτ (f) gives a natural transfor-

mation

θP,S : HomPreShvA
τ (C)(P, i(S)) → HomShvA

τ (C)(aτ (P ), S).

Similarly sending g : aτ (P ) → S to g ◦ εP gives the inverse to θP,S .
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This completes the proof of theorem 9.12. We record a useful property of
sheafification.

Proposition 9.18 The sheafification functor aτ : PreShvA(C) → ShA
τ (C) is

exact.

Proof. Since aτ is a left adjoint, aτ is right exact. Similarly, the inclusion
functor i is left exact. In particular, a projective limit of sheaves is given
pointwise:

(lim
←

F : I → ShvA
τ (C))(X) = lim

←
F (X) : I → A.

Since the category Covτ (X) is filtering, the functor + is exact, so the functor
i ◦ aτ is left exact, hence aτ is left exact.

Inductive Limits of Sheaves

We have seen that the theory of projective limits of sheaves is essentially
trivial, in that it coincides with the theory of projective limits of presheaves. To
construct inductive limits of sheaves, we use the inductive limit of presheaves
plus the sheafification functor.

Proposition 9.19 Let I be a small category, F : I → ShA
τ (C) a functor.

Then lim
→

F exists and is given by the formula

lim
→

F = aτ (lim
→

i ◦ F ).

The functor F 
→ lim
→

F is right exact; if I is a filtering category, then F 
→
lim
→

F is exact.

Proof. We verify the universal property: Take a sheaf S. Then

HomShA
τ (C)(aτ (lim

→
i ◦ F ), S) = HomPreShA

τ (C)(lim→ i ◦ F, i(S))

= lim
←

HomPreShA
τ (C)(i ◦ F, i(S))

= lim
←

HomShA
τ (C)(F, S).

The exactness assertions follow from the exactness properties of the presheaf
inductive limit and the exactness of aτ .

Epimorphisms of Sheaves

Since projective limits of sheaves and presheaves agree, a map of sheaves S′ →
S is a monomorphism if and only if f(X) : S′(X) → S(X) is a monomorphism
for each X. We now make explicit the condition that a map of sheaves f : S →
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S′ be an epimorphism. Let 0 be the final object in A and ∗ the sheafification of
the constant presheaf 0 with value 0. It is easy to see that f is an epimorphism
if and only if the canonical map S′/S → ∗ is an isomorphism, where the
quotient sheaf S′/S is defined as the inductive limit over the category I

S
f

��

π

��

S′

∗

of the evident inclusion functor I → ShvA
τ (C). Noting that the sheaf inductive

limit is the sheafification of the presheaf inductive limit we see that S′/S is
∗ if and only if the presheaf i(S′)/i(S) has ∗ as sheafification. Since P+ is
separated for every presheaf P , we see that aτ (i(S′)/i(S)) = ∗ if and only if
(i(S′)/i(S))+ → 0+ = ∗ is an isomorphism. This in turn yields the criterion:

Proposition 9.20 A map of sheaves f : S → S′ is an epimorphism if and
only if, for each X ∈ C, and each x ∈ S′(X), there exists a {gα : Uα → X} ∈
Covτ (X) and yα ∈ S(Uα) with f(yα) = g∗α(x).

Functoriality

Let f : C → C′ be a functor of small categories, where C and C′ are en-
dowed with pre-topologies τ , τ ′, respectively. f is called continuous if for each
{gα : Uα → X} ∈ Covτ , {f(gα) : f(Uα) → f(X)} is in Covτ ′ . Thus, if f is
continuous, the presheaf pull-back fp : PreShvA(C′) → PreShvA(C) restricts
to give the sheaf pull-back fs : Shvτ ′

A (C′) → ShvA
τ (C), i.e.

i ◦ fs = fp ◦ i′

where i and i′ are the respective inclusions.
We define the sheaf push-forward by fs := aτ ′ ◦ fp ◦ i.

Proposition 9.21 Let f : (C, τ) → (C′, τ ′) be a continuous functor of small
categories with pre-topologies. Then

1. fs is left-adjoint to fs

2. fs is left exact and fs is right exact.

Proof. The proof of adjointness is formal:

HomShvA
τ′ (C′)(fs(S), T ) = HomShvA

τ′ (C′)(aτ ′ ◦ fp ◦ i(S), T )

= HomPreShvA(C′)(fp ◦ i(S), i′(T ))

= HomPreShvA(C)(i(S), fp ◦ i′(T ))

= HomPreShvA(C)(i(S), i ◦ fs(T ))

= HomShvA
τ (C)(S, fs(T )).

The exactness assertions follow from the adjoint property.
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Example 9.22 We consider the case of a continuous map f : X → Y of
topological spaces. Let F : Op(Y ) → Op(X) be the inverse image functor
F (V ) = f−1(V ), which is clearly continuous with respect to the topologies
X,Y on Op(X), Op(Y ). The functor F s : Sh(X) → Sh(Y ) is usually denoted
f∗ and Fs : Sh(Y ) → Sh(X) is denoted f∗.

More generally, if τ is a pre-topology on C and X is an object in C, let Xτ

be the full subcategory of the category of morphisms to X, C/X, with objects
the morphisms f : U → X which occur as a member of a covering family of X.
Clearly τ restricts to a pre-topology on Xτ ; we write Xτ for the category with
this pre-topology. If f : X → Y is a morphism in C then sending f : U → Y
to p2 : U ×Y X → X is a well-defined continuous functor

f−1 : Yτ → Xτ .

We denote (f−1)s by f∗ and f−1
s by f∗.

For example, if X is a k-scheme of finite type, and τ = Zar, ét, etc., on
Schk, then Xτ agrees with our definition of Xτ given in example 9.4.

Generators and Abelian Structure

Just as for presheaves, we can use the inclusion functor iX : ∗ → C cor-
responding to an object X ∈ C to construct generators for the sheaf cate-
gory. Let χX = iXs(0) ∈ ShvSets

τ (C) and ZX = iXs(Z) ∈ ShvAb
τ (C). Since

HomShvSets
τ (C)(χX , S) = S(X), HomShvAb

τ (C)(ZX , S) = S(X),, we have

Proposition 9.23 Let τ be a pre-topology on a small category C. Then
{χX | X ∈ C} forms a set of generators for ShvSets

τ (C) and {ZX | X ∈ C}
forms a set of generators for ShvAb

τ (C).

The category ShvAb
τ (C) is an abelian category: for a morphism f : S → T ,

ker f is just the presheaf kernel (since i is left-exact, this is automatically a
sheaf). The sheaf cokernel is given by

cokersf = aτ (cokerpf).

One easily checks that this formula does indeed give the categorical cokernel
and that the natural map ker(cokerf) → coker(ker f) is an isomorphism. Just
as for presheaves, the existence of a set of generators, and the exactness of
filtered inductive limits gives us

Proposition 9.24 The abelian category ShvAb
τ (C) has enough injectives.

Cohomology

Let A,B be abelian categories, f : A → B an additive functor. If A has enough
injectives, then each object M in A admits an injective resolution
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0 → M → I0 → . . . → In → . . . .

The right-derived functors Rqf of f are then defined (see e.g. [13]) and are
given by the formula

Rqf(M) = Hq(f(I0) → f (I1) → . . . → f(In) → . . .).

The Rqf form a cohomological functor in that each short exact sequence 0 →
M ′ → M → M ′′ → 0 in A yields a long exact sequence

0 → R0f(M ′) → R0f(M) → R0f(M ′′) → R1f(M ′) → . . .

→ Rnf(M ′) → Rnf(M) → Rnf(M ′′) → Rn+1f(M ′) → . . .

natural in the exact sequence. If f is left exact, then R0f = f . For example,
the nth right-derived functor of the left exact functor

N 
→ HomA(M,N)

is denoted Extn
A(M,−), and Ext0A(M,N) = HomA(M,N).

We apply this to sheaves of abelian groups on (C, τ). Take X ∈ C and
consider the left-exact functor

isX : ShvAb
τ (X) → ShvAb(∗) = Ab

This is just the functor S 
→ S(X). We define the cohomology Hn(X,S) by

Hn(X,S) := RnisX(S).

As isX(S) = HomAb(Z, isX(X)) = HomShvAb
τ (C)(ZX , S), we have another in-

terpretation of Hn(X,S):

Hn(X,S) = Extn
ShvAb

τ (C)(ZX , S).

In the same way, one can take the right-derived functors of the left exact
functor F s : ShvAb

τ ′ (C′) → ShvAb
τ (C) for any continuous functor F : (C, τ) →

(C′τ ′). Taking F = f−1 for f : Y → X a continuous map of topological
spaces, or the fiber product functor f−1 for f : Y → X a morphism in Schk

(see example 9.22), we have F s = f∗, giving us the right-derived functors
Rnf∗ of f∗.

Example 9.25 Étale cohomology. Taking the site Xét, the above discussion
gives us the étale cohomology groups Hq

ét(X,F) for F a sheaf of abelian groups
on Xét. Similarly, for a morphism of schemes f : Y → X and a sheaf F on
Yét , we have the higher direct image sheaves on Xét, Rqf∗F . As mentioned
in section 9.2, in the case X = Spec k, k a field, we have the canonical iso-
morphism

Hq
ét(Spec k,F) ∼= Hq

ctn(Gk,F(ksep)),
where ksep is a fixed separable closure of k, Gk is the (profinite) Galois group
Gal(ksep/k) and F(ksep) is the limit of the groups F(Fi), where

k = F0 ⊂ F1 ⊂ . . . ⊂ ksep

is any tower of finite separable field extensions of k with ksep = ∪iFi.
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Cofinality

It is often convenient to consider sheaves on a full subcategory C0 of a given
small category C; under certain circumstances, the two categories of sheaves
are equivalent.

Definition 9.26 Let i : C0 → C be a full subcategory of a small category C, τ
a pre-topology on C. If

1. each X ∈ C admits a covering family {fα : Uα → X} with the Uα in C0,
2. if Y and Z are in C0, X is in C and Y → X, Z → X are morphisms such

that Y ×X Z exists in C, then Y ×X Z is in C0,

we say that C0 is a cofinal subcategory of C for the pre-topology τ .

If i : C0 → C is cofinal for τ , we define the induced pre-topology τ0 on C0,
where a covering family {fα : Uα → X}, X ∈ C0, is an element of Covτ (X)
with the Uα in C0. Then i : (C0, τ0) → (C, τ) is continuous.

Proposition 9.27 Let i : (C0, τ0) → (C, τ) be a cofinal subcategory of (C, τ)
with induced topology τ0. Then

is : ShvA
τ (C) → ShvA

τ0
(C0)

is an equivalence of categories (for A = Sets,Ab).

Proof. Let S be a sheaf on C. The adjoint property of is and is yields the
canonical morphism θS : isi

sS → S, with isθS : isisi
sS → isS an isomor-

phism. In addition, for X ∈ C, we can take a covering family {fα : Uα → X}
with the Uα in C0. Since Uα ×X Uβ is also in C0, the exactness of

S(X) ��
∏

α S(Uα)
p∗
1 ��

p∗
2

��

∏
α,β S(Uα ×X Uβ)

implies that is is a faithful embedding and θS is an isomorphism. By the
adjoint property again, is is fully faithful. As isis is naturally isomorphic to
the identity, the proof is complete.

Example 9.28 The category of affine k-schemes of finite type is cofinal in
Schk for the topologies Zar, ét and Nis considered in example 9.4.

Sub-canonical Topologies

Let C be a small category. The representable functors HomC(−,X) = ΞX ∈
PreShvSets(C) give a ready supply of presheaves of sets. For many interesting
topologies these presheaves are already sheaves; such topologies are called sub-
canonical. For example, all the topologies of example 9.4 are sub-canonical.
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The canonical topology on C is the finest sub-canonical topology. One can
define the canonical topology explicitly as follows:

A set of morphisms in C, U := {fα : Uα → X}, is an effective epimorphism
if for each Y in C, the sequence of Hom-sets

HomC(X,Y )
∏

f∗
α ��

∏
α HomC(Uα, Y )

∏
p∗
1,α,β

��

∏
p∗
2,α,β

��

∏
α.β HomC(Uα ×X Uβ , Y )

is exact, i.e., if for each Y ∈ C, the representable presheaf ΞY on C satisfies
the sheaf axiom for the set of morphisms U . U is called a universal effective
epimorphism if for each morphism Z → X in C, the fiber products Uα ×X Z
exist and the family {Uα ×X Z → Z} is an effective epimorphism. Clearly the
universal effective epimorphisms define a pre-topology on C which agrees with
the canonical pre-topology.

If τ is a sub-canonical topology, then the representable presheaves ΞY are
already sheaves, hence χY := aτ (ΞY ) = ΞY . We thus have the functor

χ : C → ShvSets
τ (C)

Y 
→ HomC(−, Y ) = χY

which by the Yoneda lemma is a fully faithful embedding.
In addition, each sheaf S is a quotient of a coproduct of such sheaves.

Indeed, let S be a sheaf, and take X ∈ C and x ∈ S(X). Since S(X) =
HomShvSets

τ (C)(χX , S), x uniquely corresponds to a morphism φx : χX → S.
Taking the coproduct over all pairs (x,X), x ∈ S(X), we have the morphism

L0(S) :=
∐

(x,X)
x∈S(X)

χX
φ:=

∐
φx−−−−−→ S

which is easily seen to be an epimorphism (even of presheaves). If we let R
be the presheaf with

R(Y ) = {(y, y′) ∈ L0(S)(Y ) | φ(Y )(y) = φ(Y )(y′)}

then R is also a sheaf; composing the projection pi : R → L0(S) with the
epimorphism L0(R) → R yields the presentation of S as

L1(S) := L0(R)
φ1 ��

φ2

�� L0(S)
φ

�� S

Thus we have presented S as an inductive limit of the representable sheaves
χX , X ∈ C.

From this point of view, the sheaf category ShvSets
τ (C) can be viewed as

an extension of the original category C, in which arbitrary (small) projective
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and inductive limits exist, containing C as a full subcategory, and with the
closure of C under inductive limits being the entire category ShvSets

τ (C).
As these properties are valid for all sub-canonical topologies on C, one is

entitled to ask why one particular sub-canonical topology is chosen over an-
other. The answer here seems to be more art than science, depending strongly
on the properties one wishes to control. For the category of motives, the Nis-
nevich topology has played a central role, but in questions of arithmetic, such
as values of L-functions, the étale topology seems to be a more natural choice,
and for issues involving purely geometric properties of schemes, the Zariski
topology is often more applicable. In fact, some of the most fundamental
questions in the theory of motives and its relation to algebraic geometry and
arithmetic can be phrased in terms of the behavior of sheaves under a change
of topology.
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1 Introduction

Motivic homotopy theory is a new and in vogue blend of algebra and topology.
Its primary object is to study algebraic varieties from a homotopy theoretic
viewpoint. Many of the basic ideas and techniques in this subject originate in
algebraic topology.

This text is a report from Voevodsky’s summer school lectures on motivic
homotopy in Nordfjordeid. Its first part consists of a leisurely introduction to
motivic stable homotopy theory, cohomology theories for algebraic varieties,
and some examples of current research problems. As background material, we
recommend the lectures of Dundas [Dun] and Levine [Lev] in this volume.
An introductory reference to motivic homotopy theory is Voevodsky’s ICM
address [Voe98]. The appendix includes more in depth background material
required in the main body of the text. Our discussion of model structures for
motivic spectra follows Jardine’s paper [Jar00].

In the first part, we introduce the motivic stable homotopy category. The
examples of motivic cohomology, algebraic K-theory, and algebraic cobordism
illustrate the general theory of motivic spectra. In March 2000, Voevodsky
[Voe02b] posted a list of open problems concerning motivic homotopy theory.
There has been so much work done in the interim that our update of the status
of these conjectures may be useful to practitioners of motivic homotopy theory.

The second and third author would like to thank Vladimir Voevodsky for
helpful discussions concerning the content of this text, and his kind permission
to include a sketch proof of Theorem 4.3. The actual wording here, and the
responsibility for any misinterpretations, are our own.

2 Motivic Stable Homotopy Theory

In this section, we introduce the motivic stable homotopy category. Although
the construction of this category can be carried out for more general base
schemes, we shall only consider Zariski spectra of fields.

A final word about precursors: In what follows, we use techniques which
are basic in the study of both model categories and triangulated categories.
Introductory textbooks on these subjects include [Hov99] and [Nee01].

2.1 Spaces

Let k be a field and consider the category Sm/k of smooth separated schemes
of finite type over Spec(k). From a homotopical point of view, the category
Sm/k is intractable because it is not closed under colimits.

The spaces we consider are the objects in the category

Spc(k) : = ∆opShvNis(Sm/k)

of Nisnevich sheaves on Sm/k [Lev] with values in simplicial sets [Dun].
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We mention two typical types of examples of such sheaves. First, any
scheme in Sm/k determines a representable space via the Yoneda embedding.
This holds since the Nisnevich topology is sub-canonical [Lev]. Second, any
simplicial set can be viewed as a constant Nisnevich sheaf on Sm/k, and also
as a constant sheaf in any other Grothendieck topology.

A pointed space consists of a space X together with a map

x : Spec(k) �� X .

Here, we consider Spec(k) as a representable sheaf with constant simplicial
structure. Let Spc•(k) denote the category of pointed spaces. If X is a space,
let X+ denote the canonically pointed space X � Spec(k). By adding disjoint
base-points, it follows that the forgetful functor from Spc•(k) to Spc(k) has
a left adjoint.

It is important to note that the category of pointed spaces has a symmetric
monoidal structure: Suppose X and Y are pointed spaces. Then their smash
product X ∧ Y is the space associated to the presheaf

U
� �� X(U) ∧ Y (U) .

The sheaf represented by the Zariski spectrum Spec(k) is the terminal presheaf
with value the one-point set

U
� �� ∗ .

Clearly, this shows that Spec(k)+ is a unit for the smash product.
Recall that in classical stable homotopy theory, when constructing spectra

of pointed simplicial sets one inverts only one suspension coordinate, namely
the simplicial circle. This part works slightly differently in the motivic context.
An exotic aspect, which turns out to play a pivotal role in the motivic stable
homotopy theory, is the use of two radically different suspension coordinates.
In order to define the motivic stable homotopy category, we shall make use of
bispectra of pointed spaces.

The first of the motivic circles is well-known to topologists: Let ∆[n] denote
the standard simplicial n-simplex [Dun]. Recall that the simplicial circle S1

is the coequalizer of the diagram

∆[0] �� �� ∆[1] .

We denote by S1
s the corresponding pointed space.

The second motivic circle is well-known to algebraic geometers: Denote by
A

1 ∈ Sm/k the affine line. Then the Tate circle S1
t is the space A

1
�0, pointed

by the global section given by the identity; this is the underlying scheme of
the multiplicative group.

Since pointed spaces Spc•(k) acquires a smash product, we may form the
n-fold smash products Sn

s and Sn
t of the simplicial circle and the Tate circle.

A mixed sphere refers to a smash product of Sm
s and Sn

t .
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2.2 The Motivic s-Stable Homotopy Category SHA
1

s (k)

To invert S1
s we shall consider spectra of pointed spaces. This is analogous to

the situation with ordinary spectra and the simplicial circle.

Definition 2.1 An s-spectrum E is a sequence of pointed spaces {En}n≥0

together with structure maps

S1
s ∧ En

�� En+1 .

A map of s-spectra
E �� E′

consists of degree-wise maps of pointed spaces

En
�� E′

n

which are compatible with the structure maps.
Let Spts(k) denote the category of s-spectra.

Pointed spaces give examples of s-spectra:

Example 2.2 The s-suspension spectrum of a pointed space X is the s-
spectrum Σ∞

s X with n-th term Sn
s ∧ X and identity structure maps.

The next step is to define weak equivalences of s-spectra. If n ≥ 1 and
(X,x) is a pointed space, let πn(X,x) denote the sheaf of homotopy groups
associated to the presheaf

U
� �� πn(X(U), x|U) ,

where x|U is the image of x in X(U). If n ≥ 2, this is a Nisnevich sheaf of
abelian groups.

The suspension homomorphism for ordinary pointed simplicial sets yields
suspension homomorphisms of sheaves of homotopy groups

πn(X) �� πn+1(S1
s ∧ X) .

If E is an s-spectrum and m > n are integers, consider the sequence

πn+m(Em) �� πn+m+1(S1
s ∧ Em) �� πn+m+1(Em+1) �� · · · .

The sheaves of stable homotopy groups of E are the sheaves of abelian groups

πn(E) : = colim
m>n

πn+m(Em) .

A map between s-spectra E and E′ is called an s-stable weak equivalence if
for every integer n ∈ Z, there is an induced isomorphism of sheaves

πn(E) �� πn(E′) .
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Definition 2.3 Let SHs(k) be the category obtained from Spts(k) by inverting
the s-stable weak equivalences.

Remark 2.4 One can show that Spts(k) has the structure of a proper sim-
plicial stable model category. The associated homotopy category is SHs(k). In
this model structure, the weak equivalences are the s-stable weak equivalences.

There is an obvious way to smash an s-spectrum with any pointed space. If
we smash with the simplicial circle, the induced simplicial suspension functor
Σ1

s becomes an equivalence of SHs(k): Indeed, an s-spectrum is a Nisnevich
sheaf on Sm/k with values in the category Spt of ordinary spectra. Since
the simplicial suspension functor is an equivalence of the stable homotopy
category SH, it is also an equivalence of SHs(k). The term ‘s-stable’ refers to
this observation.

Remark 2.5 There is a canonical functor

Spt �� Spts(k)

obtained by considering pointed simplicial sets as pointed spaces. A stable weak
equivalence of spectra induces an s-stable weak equivalence of s-spectra, and
there is an induced functor

SH �� SHs(k)

between the corresponding homotopy categories.

The basic organizing principle in motivic homotopy theory is to make the
affine line contractible. One way to obtain this is as follows: An s-spectrum
F is A

1-local if for all U ∈ Sm/k and n ∈ Z, there is a bijection

HomSHs(k)(Σ∞
s U+, Σn

s F ) �� HomSHs(k)(Σ∞
s (U × A

1)+, Σn
s F )

defined by the projection

U × A
1 �� U .

We say that a map
E �� E′

of s-spectra is an A
1-stable weak equivalence if for any A

1-local s-spectrum
F , there is a canonically induced bijection

HomSHs(k)(E′, F ) �� HomSHs(k)(E,F ) .

Definition 2.6 Let the motivic s-stable homotopy category SHA
1

s (k) be the
category obtained from Spts(k) by inverting the A

1-stable weak equivalences.
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The following Lemma is now evident.

Lemma 2.7 Assume X ∈ Sm/k. Then the canonical map

X × A
1 �� X

induces an A
1-stable weak equivalence of s-spectra.

In particular, the s-suspension spectrum Σ∞
s (A1, 0) is contractible.

We note that the simplicial suspension functor is an equivalence of SHA
1

s (k).
The last step in the construction of the motivic stable homotopy category is
to invert the Tate circle so that smashing with S1

t becomes an equivalence.
But first we discuss an unsatisfactory facet of the motivic s-stable homotopy
category; part of this is motivation for work in the next section.

In topology, a finite unramified covering map of topological spaces

Y �� Z ,

induces a transfer map
Σ∞Z+

�� Σ∞Y+

in the ordinary stable homotopy category. The first algebraic analogue of a
covering map is a finite Galois extension of fields, say k′/k. However, in the
s-stable homotopy category SHA

1

s (k) there is no non-trivial transfer map

Σ∞
s Spec(k)+ �� Σ∞

s Spec(k′)+ .

This follows by explicit calculations: If E is an s-spectrum and πs denotes
ordinary stable homotopy groups, then

HomSHs(k)(Σ∞
s Sn

s , E) = HomSH(Σ∞Sn, E(Spec(k)))
= πs

n(E(Spec(k))) .

Now, let X ∈ Sm/k and suppose that

HomSm/k(A1,X) = HomSm/k(Spec(k),X) .

This is satisfied if X = Spec(k′), where k′ is a field extension of k. Then the
above implies an isomorphism

Hom
SHA1

s (k)
(Σ∞

s Sn
s , Σ∞

s X+) = HomSH(Σ∞Sn, Σ∞X(Spec(k))+) .

When X = Spec(k′), note that

HomSm/k(Spec(k), Spec(k′)) = ∅ .

By letting n = 0, we find
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Hom
SHA1

s (k)
(Σ∞

s Spec(k)+, Σ∞
s Spec(k′)+)

= HomSH(Σ∞S0, Σ∞Spec(k′)(Spec(k))+)
= HomSH(Σ∞S0, Σ∞∗)
= 0 .

Remark 2.8 It turns out that the existence of transfer maps for finite Galois
extensions and the Tate circle being invertible in the homotopy category are
closely related issues. Transfer maps are incorporated in Voevodsky’s derived
category DMeff

− (k) of effective motivic complexes over k [Voe00b]. There is a
canonical Hurewicz map relating the motivic stable homotopy category with
DMeff

− (k). If k is a perfect field, the cancellation theorem [Voe02a] shows that
tensoring with the Tate object Z(1) in DMeff

− (k) induces an isomorphism

HomDMeff
− (k)(C,D)

∼= �� HomDMeff
− (k)

(
C ⊗ Z(1),D ⊗ Z(1)

)
.

2.3 The Motivic Stable Homotopy Category SH(k)

The definition of SH(k) combines the category of s-spectra and the Tate circle.
We use bispectra in order to make this precise.

Let m,n ≥ 0 be integers. An (s, t)-bispectrum E consists of pointed spaces
Em,n together with structure maps

σs : S1
s ∧ Em,n

�� Em+1,n ,

σt : S1
t ∧ Em,n

�� Em,n+1 .

In addition, the structure maps are required to be compatible in the sense
that the following diagram commutes.

S1
s ∧ S1

t ∧ Em,n

τ∧Em,n ��

S1
s∧σt

��

S1
t ∧ S1

s ∧ Em,n

S1
t ∧σs

��
S1

s ∧ Em,n+1
σs �� Em+1,n+1 S1

t ∧ Em+1,n
σt��

Here, τ flips the copies of S1
s and S1

t . There is an obvious notion of maps
between such bispectra. An (s, t)-bispectrum can and will be interpreted as a
t-spectrum object in the category of s-spectra, that is, a collection of s-spectra

En : = E∗,n

together with maps of s-spectra induced by the structure maps

S1
t ∧ En

�� En+1 .
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We write Spts,t(k) for the category of (s, t)-bispectra. If X is a pointed space,
let Σ∞

s,tX denote the corresponding suspension (s, t)-bispectrum.
If E is an (s, t)-bispectrum and p, q are integers, denote by πp,q(E) the

sheaf of bigraded stable homotopy groups associated to the presheaf

U
� �� colim

m
Hom

SHA1
s (k)

(Sp−q
s ∧ Sq+m

t ∧ Σ∞
s U+, Em) .

This expression makes sense for p < q, since smashing with S1
s yields an

equivalence of categories

SHA
1

s (k) �� SHA
1

s (k), E
� �� S1

s ∧ E .

Moreover, in the above we assume q + m ≥ 0.

Definition 2.9 A map E → E′ of (s, t)-bispectra is a stable weak equivalence
if for all p, q ∈ Z, there is an induced isomorphism of sheaves of bigraded
stable homotopy groups

πp,q(E) �� πp,q(E′) .

We are ready to define our main object of study:

Definition 2.10 The motivic stable homotopy category SH(k) of k is obtained
from Spts,t(k) by inverting the stable weak equivalences.

Remark 2.11 There is an underlying model category structure on Spts,t(k);
the weak equivalences are the stable weak equivalences defined in 2.9. More-
over, this model structure is stable, proper, and simplicial.

By construction, the suspension functors Σ1
s and Σ1

t induce equivalences
of the motivic stable homotopy category. Hence, analogous to 2.7, we have:

Lemma 2.12 Assume X ∈ Sm/k. Then the canonical map

X × A
1 �� X

induces a stable weak equivalence of suspension (s, t)-bispectra.

In 2.13, we note that maps between suspension spectra in SH(k) can be
expressed in terms of maps in SHA

1

s (k). As the proof in the Nisnevich topology
hinges on finite cohomological dimension, it is not clear whether there is a
similarly general result in the etale topology.

Proposition 2.13 If X ∈ Sm/k and E ∈ Spts,t(k), there is an isomorphism

HomSH(k)(Σ∞
s,t X+, E) = colim

n
Hom

SHA1
s (k)

(Sn
t ∧ Σ∞

s X+, En) .
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Proof. If E = (Em,n) is some (s, t)-bispectrum, recall that En is the s-
spectrum defined by the sequence (E0,n, E1,n, . . .). By model category theory,
there exists a fibrant replacement Ef of E in Spts,t(k) and isomorphisms

HomSH(k)(Σ∞
s,t X+, E) = HomSpts,t(k)(Σ∞

s,t X+, Ef )/�

= HomSpts(k)(Σ∞
s X+, Ef

0 )/� .

The relation 	 is the homotopy relation on maps; in our setting, homotopies
are parametrized by the affine line A

1. By using properties of the Nisnevich
topology – every scheme has finite cohomological dimension, coverings are
generated by so-called upper distinguished squares which will be introduced
in Definition 2.18 – one can choose a fibrant replacement Ef so that

Ef
0 = colim

n
((E0)f �� Ωt((E1)f ) �� Ωt(Ωt((E2)f )) �� · · · ) .

Here, (En)f is a fibrant replacement of En in Spts(k), and Ωt is the right
adjoint of the functor

S1
t ∧ − : Spts(k) �� Spts(k) .

Since the s-suspension spectra Σ∞
s X+ and Σ∞

s X+ ∧A
1
+ are both finitely

presentable objects in Spts(k), we have

HomSpts(k)(Σ∞
s X+, Ef

0 )/� = colim
n

HomSpts(k)(Σ∞
s X+, Ωn

t ((En)f ))/� .

The latter and the isomorphism

HomSHs(k)(Σ∞
s X+, Ωn

t (En)) = HomSHs(k)(Sn
t ∧ Σ∞

s X+, En) ,

obtained from the adjunction, imply the claimed group isomorphism. �

Suppose X,Y ∈ Sm/k. As a special case of 2.13, we obtain an isomorphism
between HomSH(k)(Σ∞

s,t X+, Σ∞
s,t Y+) and

colim
m

Hom
SHA1

s (k)
(Sm

t ∧ Σ∞
s X+, Sm

t ∧ Σ∞
s Y+) .

Remark 2.14 We will not discuss details concerning the notoriously difficult
notion of an adequate smash product for (bi)spectra. Rather than using spectra,
one solution is to consider Jardine’s category of motivic symmetric spectra
[Jar00]. An alternate solution using motivic functors is discussed by Dundas
in this volume [Dun].

For our purposes, it suffices to know that a handicrafted smash product
of bispectra induces a symmetric monoidal structure on SH(k). The proof of
this fact is tedious, but straight-forward. The unit for the monoidal structure
is the ‘sphere spectrum’ or the suspension (s, t)-bispectrum Σ∞

s,t Spec(k)+ of
the base scheme k. Moreover, for all X,Y ∈ Sm/k, there is an isomorphism
between the smash product Σ∞

s,tX+ ∧ Σ∞
s,tY+ and Σ∞

s,t(X × Y )+.
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Next we summarize the constructions

Spc•(k)
Σ∞

s �� SHA
1

s (k)
Σ∞

t �� SH(k) .

The spaces in the motivic setting are the pointed simplicial sheaves on the
Nisnevich site of Sm/k. By using the circles S1

s and S1
t , one defines spectra of

pointed spaces as for spectra of simplicial pointed sets. The notion of A
1-stable

weak equivalences of s-spectra forces the s-suspension spectrum of (A1, 0), the
affine line pointed by zero, to be contractible. We use the same class of maps
to define the motivic s-stable homotopy category SHA

1

s (k).
Our main object of interest, the motivic stable homotopy category SH(k)

is obtained by considering (s, t)-bispectra and formally inverting the class of
stable weak equivalences; such maps are defined in terms of Nisnevich sheaves
of bigraded homotopy groups.

If
Σ∞

s,t : Sm/k �� SH(k)

denotes the suspension (s, t)-bispectrum functor, there is a natural equivalence
of functors

Σ∞
s,t = Σ∞

t ◦ Σ∞
s .

Remark 2.15 Work in progress by Voevodsky suggests yet another construc-
tion of SH(k). This uses a theory of framed correspondences; a distant al-
gebraic relative of framed cobordisms, which may have computational advan-
tages.

Next, we shall specify a triangulated structure on SH(k). As for a wide
range of other examples, this additional structure provides a convenient tool
to construct long exact sequences.4

The category Spts,t(k) is obviously complete and cocomplete: Limits and
colimits are formed degree-wise in Spc•(k). In particular, there is an induced
coproduct ∨ in SH(k). We also claim that the latter is an additive category:
Since the simplicial circle S1

s is a cogroup object in the ordinary unstable
homotopy category, we conclude that every spectrum in SH(k) is a two-fold
simplicial suspension. Thus all objects in SH(k) are abelian cogroup objects,
and the set of maps out of any object is an abelian group.

To define a triangulated category structure on SH(k), we need to specify
a class of distinguished triangles and also a shift functor [−]. Suppose that E
is an (s, t)-bispectrum. Its shift E[1] is the s-suspension of E. Any map

f : E �� E′

of (s, t)-bispectra has an associated cofibration sequence

4 The homotopy categories SHs(k) and SHA
1

s (k) are also triangulated.
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E �� E′ �� Cone(f) �� Σ1
sE .

The cone of f is defined in terms of a push-out square in Spts,t(k), where
∆[1] is pointed by zero:

E
E∧0 ��

f

��

E ∧ ∆[1]

��
E′ �� Cone(f)

The map
Cone(f) �� Σ1

sE

collapses E′ to a point.
A distinguished triangle in SH(k) is a sequence that is isomorphic to the

image of a cofibration sequence in Spts,t(k). It follows that any distinguished
triangle in SH(k)

X �� Y �� Z �� X[1] ,

induces long exact sequences of abelian groups

· · · [E,X[n]] �� [E, Y [n]] �� [E,Z[n]] �� [E,X[n + 1]] · · · ,

· · · [Z[n], E] �� [Y [n], E] �� [X[n], E] �� [Z[n − 1], E] · · · .

Here, [−,−] denotes HomSH(k)(−,−).
The next lemma points out an important class of distinguished triangles.

Lemma 2.16 If
X �� �� Y

is a monomorphism of pointed spaces, then

Σ∞
s,t X �� Σ∞

s,t Y �� Σ∞
s,t Y/X �� Σ∞

s,t X[1]

is a distinguished triangle in SH(k).

Proof. The model structure in Remark 2.11 shows that the canonically in-
duced map

Cone(Σ∞
s,t(X �� �� Y )) �� Σ∞

s,t Y/X

is a stable weak equivalence. �

Remark 2.17 Note that 2.16 applies to open and closed embeddings in Sm/k.
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Definition 2.18 An upper distinguished square is a pullback square in Sm/k

W ��

��

V

p

��
U

i �� X

where i is an open embedding, p is an etale map, and

p|p−1(X�U) : p−1(X � U) �� (X � U)

induces an isomorphism of reduced schemes.

Any Zariski open covering gives an example of an upper distinguished
square: If X = U ∪ V , let W = U ∩ V .

The Nisnevich topology is discussed in detail in [Lev]. The generating
coverings are of the form

{i : U �� X, p : V �� X} .

where i, p and W = p−1(U) form an upper distinguished square.
Since spaces are sheaves in the Nisnevich topology, we get:

Lemma 2.19 A square of representable spaces which is obtained from an
upper distinguished square is a pushout square.

In the following, we show that upper distinguished squares give examples
of distinguished triangles in SH(k). Part (a) of the next result can be thought
of as a generalized Mayer-Vietoris property:

Corollary 2.20 For an upper distinguished square, the following holds.

(a) There is a distinguished triangle in SH(k):

Σ∞
s,t W+

�� Σ∞
s,t U+ ∨ Σ∞

s,t V+
�� Σ∞

s,t X+
�� Σ∞

s,t W+[1] .

(b) There is a naturally induced stable weak equivalence:

Σ∞
s,t V/W �� Σ∞

s,t X/U .

Proof. By Remark 2.17 and Lemma 2.19, the pushout square of representable
spaces associated to an upper distinguished square is a homotopy pushout
square. This implies item (a) because the suspension functor Σ∞

s,t preserves
homotopy pushout squares.

To prove (b), we use 2.19 to conclude there is even an isomorphism between
the underlying pointed spaces. �

In the next result, the projective line P
1 is pointed by the rational point

at infinity. Another piece of useful information about mixed spheres is:
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Lemma 2.21 In SH(k), there are canonical isomorphisms:

(a) Σ∞
s,t (A1/A

1
� 0) = Σ∞

s,t (S1
s ∧ S1

t ).

(b) Σ∞
s,t (P1,∞) = Σ∞

s,t (S1
s ∧ S1

t ).

Proof. To prove (a), we use 2.12, and 2.16 to conclude there is a distinguished
triangle:

Σ∞
s,t (A1

� 0, 1) �� Σ∞
s,t (A1, 1) �� Σ∞

s,t (A1/A
1

� 0) �� Σ∞
s,t (A1

� 0, 1)[1] .

To prove (b), cover the projective line by two affine lines; the choice of a point
on P

1 is not important, since all such points are A
1-homotopic. Moreover,

by 2.20(a), there is a distinguished triangle

Σ∞
s,t (A1

� 0)+ �� Σ∞
s,t A

1
+ ∨ Σ∞

s,t A
1
+

�� Σ∞
s,t P

1
+

�� Σ∞
s,t (A1

� 0)+[1] .

To remove the disjoint base-points, we point all spaces by 1: Spec(k) → A
1
�0

and consider the quotients. For instance, we have

Σ∞
s,t(A

1
� 0)+/Σ∞

s,tSpec(k)+ = Σ∞
s,t(A

1
� 0, 1) .

By considering the resulting distinguished triangle, the claim follows from
homotopy invariance 2.12. �

Remark 2.22 The pointed space T : = A
1/A

1
� 0 is called the Tate sphere.

There is also a ‘motivic unstable homotopy category’ for spaces, and 2.21 holds
unstably. We refer the reader to Sect. 5.2 for the unstable theory.

We place emphasis on a typical instance of 2.20(b):

Corollary 2.23 Suppose there is an etale morphism

p : V �� X ,

in Sm/k, and Z is a closed sub-scheme of X such that there is an isomorphism

p−1(Z) �� Z .

Then there is a canonical isomorphism in SH(k):

Σ∞
s,t (V/V � p−1(Z)) = Σ∞

s,t (X/X � Z) .

As in classical homotopy theory, there is also a notion of Thom spaces in
motivic homotopy theory.
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Definition 2.24 Suppose there is a vector bundle E → X in Sm/k, with zero
section i : X → E. Its Thom space is defined by setting

Th(E/X) : = E/E � i(X) ,

pointed by the image of E � i(X).

Example 2.25 We give some examples of Thom spaces.

(a) Suppose we have given vector bundles

E1
�� X1, E2

�� X2

in Sm/k. Then, as pointed spaces

Th(E1 × E2/X1 × X2) = Th(E1/X1) ∧ Th(E2/X2) .

(b) The Thom space of the trivial 1-bundle

A
1 × X �� X

is the smash product T ∧ X+.

Theorem 2.26 (Homotopy Purity) Suppose there is a closed embedding
in Sm/k

i : Z
� � �� X .

Denote the corresponding normal vector bundle of Z in X by NX,Z .
Then there is a canonical isomorphism in SH(k):

Σ∞
s,t Th(NX,Z) = Σ∞

s,t (X/X � i(Z)) .

To prove the general case of the homotopy purity theorem, one employs
the well-known deformation to the normal cone construction based on the
blow-up of X × A

1 with center in Z × {0}. This is an algebraic analog of the
notion of tubular neighborhood in topology. In what follows, by ‘isomorphism’
we mean a canonical isomorphism in SH(k).

Next we construct the isomorphism in the homotopy purity theorem for
any finite separable field extension k′/k. By the Primitive Element Theorem,
there exists an element α such that k′ = k(α). Consider the surjective map

φ : k[X] �� k′,X
� �� α .

If f is the minimal polynomial of α, then the induced closed embedding

i : Spec(k′) � � �� A1
k

sends the closed point of Spec(k′) to the closed point x of A
1
k, corresponding

to the prime ideal (f). We claim there is an isomorphism
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Σ∞
s,t Th(NA1

k,k′) = Σ∞
s,t (A1

k/A
1
k � {x}) .

With respect to the identification of the normal bundle of i with A
1
k′ , the

Thom space Th(NA1
k,k′) is isomorphic to A

1
k′/A

1
k′ � {0}.

In k′[X], f factors into irreducible polynomials, say f1, . . . , fq. Denote
by x1, . . . , xq the corresponding closed points. Since the extension k′/k is
separable, we may assume f1 = X − α and fi(α) �= 0 if i �= 1. We have an
automorphism

k′[X] �� k′[X],X � �� X − α .

By the above, there is an isomorphism

Σ∞
s,t Th(NA1

k,k′) = Σ∞
s,t (A1

k′/A
1
k′ � {x1}) .

We note that
A

1
k′ � {x1} � � �� A1

k′

fits into the upper distinguished square:

A
1
k′ � {x1, x2, . . . , xq} ��

��

A
1
k′ � {x2, . . . , xq}

��
A

1
k′ � {x1} �� A1

k′

By applying 2.20(b), we find

Σ∞
s,t Th(NA1

k,k′) = Σ∞
s,t (A1

k′ � {x2, . . . , xq}/A
1
k′ � {x1, x2, . . . , xq}) .

The right hand side of this isomorphism is related to A
1
k/A

1
k � {x} via the

upper distinguished square

A
1
k′ � {x1, x2, . . . , xq} ��

��

A
1
k′ � {x2, . . . , xq}

��
A

1
k � {x} �� A1

k

which defines an isomorphism

Σ∞
s,t (A1

k′ � {x2, . . . , xq}/A
1
k′ � {x1, x2, . . . , xq}) = Σ∞

s,t (A1
k/A

1
k � {x}) .

By using the fact that the isomorphism of 2.26 is compatible in the obvious
sense with etale morphisms, one shows that the isomorphism we constructed
above coincides with the isomorphism in the homotopy purity theorem.

Remark 2.27 Given a finite etale map

Y �� X ,

the proof of 2.26 implies there exists, in SH(k), a transfer map

Σ∞
s,t X+

�� Σ∞
s,t Y+ .
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3 Cohomology Theories

The introduction of the motivic stable homotopy category via spectra provides
a convenient framework for defining cohomology theories of algebraic varieties.
Such theories encode important data about the input, often in a form which
allows to make algebraic manipulations. We shall consider the examples of
motivic cohomology, algebraic K-theory and algebraic cobordism.

3.1 The Motivic Eilenberg-MacLane Spectrum HZ

In stable homotopy theory, the key to understand cohomology theories is to
study their representing spectra. Singular cohomology is a prime example.
This motivates the construction of the motivic Eilenberg-MacLane spectrum,
which we denote by HZ.

Let K(Z, n) denote the Eilenberg-MacLane simplicial set with homotopy
groups

πiK(Z, n) =

{
Z i = n,

0 i �= n.
(1)

The simplicial set K(Z, n) is uniquely determined up to weak equivalence by
(1). A model for K(Z, n) can be constructed as follows: Denote by Z(−)
the functor which associates to a pointed simplicial set (X,x) the sim-
plicial abelian group Z[X]/Z[x]. That is, the simplicial free abelian group
generated by X modulo the copy of the integers generated by the base-
point. Then K(Z, n) is the underlying simplicial set of the simplicial abelian
group Z(∆[n]/∂∆[n]). Moreover, the K(Z, n)’s assemble to define a spectrum
HZ which represents singular cohomology: The integral singular cohomology
group Hn(X, Z) coincides with HomSH(Σ∞X+,HZ).

In motivic homotopy theory, there is a closely related algebro-geometric
analog of the spectrum HZ. But as it turns out, it is impossible to construct
an (s, t)-bispectrum whose constituent terms satisfy a direct motivic analog
of (1); however, by using the theory of algebraic cycles one can define an (s, t)-
spectrum HZ that represents motivic cohomology. Next, we will indicate the
construction of HZ.

If X ∈ Sm/k, let L(X) be the following functor: Its value on U ∈ Sm/k
is the free abelian group generated by closed irreducible subsets of U × X
which are finite over U and surjective over a connected component of U . For
simplicity, we refer to elements in this group as cycles. The graph Γ (f) of a
morphism

f : U �� X

is an example of a cycle in U × X.
It turns out that L(X) is a Nisnevich sheaf, hence a pointed space by

forgetting the abelian group structure. Moreover, there is a map

Γ (X) : X �� L(X) .
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One can extend L(−) to a functor from pointed spaces to Nisnevich sheaves
with values in simplicial abelian groups.5 For example, we have that

L(S0
s ∧ S1

t ) = L((A1
� 0, 1))

is the quotient sheaf of abelian groups L(A1
� 0)/L(Spec(k)), considered as a

pointed space. The pointed space L(S1
s ∧ S1

t ) turns out to be equivalent to

L(P1,∞) = L(P1)/L(Spec(k)) .

Remark 3.1 One can show that L(P1,∞) is weakly equivalent to the infinite
projective space P

∞. Hence, if k admits a complex embedding, taking complex
points yields an equivalence

L(P1,∞)(C) ∼ CP
∞ = K(Z, 2).

The exterior product of cycles induces a pairing

L(Sp
s ∧ Sq

t ) ∧ L(Sm
s ∧ Sn

t ) �� L(Sp+m
s ∧ Sq+n

t ) .

In particular, we obtain the composite maps

σs : S1
s ∧ L(Sm

s ∧ Sn
t )

Γ (S1
s)∧id�� L(S1

s ) ∧ L(Sm
s ∧ Sn

t ) �� L(Sm+1
s , Sn

t ) ,

σt : S1
t ∧ L(Sm

s ∧ Sn
t )

Γ (S1
t )∧id�� L(S1

t ) ∧ L(Sm
s ∧ Sn

t ) �� L(Sm
s , Sn+1

t ) .

(2)

Remark 3.2 A topologically inclined reader might find it amusing to compare
the above with Bökstedt’s notion of functors with smash products.

Definition 3.3 The Eilenberg-MacLane spectrum HZ is the (s, t)-bispectrum
with constituent pointed spaces HZm,n : = L(Sm

s ∧ Sn
t ) and structure maps

given by (2).

Remark 3.4 Let � be a prime number. The Eilenberg-MacLane spectrum with
mod-� coefficients is defined as above by taking the reduction of L(X) modulo
� in the category of abelian sheaves.

We can now define the motivic cohomology groups of (s, t)-bispectra.

Definition 3.5 Let E be an (s, t)-bispectrum and let p, q be integers.
The integral motivic cohomology groups of E are defined by

HZ
p,q(E) : = HomSH(k)(E,Sp−q

s ∧ Sq
t ∧ HZ) .

5 Since every pointed space is a colimit of representable functors and L preserves
colimits, it suffices to describe the values of L on Sm/k.
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Suppose X ∈ Sm/k. The integral motivic cohomology group Hp,q(X, Z) of
X in degree p and weight q is by definition HZ

p,q(Σ∞
s,tX+). One can show that

Hp,q(X, Z) is isomorphic to the higher Chow group CHq(X, 2q−p) introduced
by Bloch in [Blo86].

In Sect. 4, we shall outline an approach to construct a spectral sequence
whose E2-terms are the integral motivic cohomology groups of X. Its target
groups are the algebraic K-groups of X. Since there is a spectral sequence for
topological K-theory whose input terms are singular cohomology groups, this
would allow to make more precise the analogy between motivic and singular
cohomology.

3.2 The Algebraic K-Theory Spectrum KGL

In 2.21(b), we noted that the suspension (s, t)-bispectra of (P1,∞) and S1
s ∧S1

t

are canonically isomorphic in SH(k). In fact, we may replace the suspension
coordinates S1

s and S1
t by P

1 without introducing changes in the motivic stable
homotopy category. In order to represent cohomology theories on Sm/k, it
turns out to be convenient to consider P

1-spectra. To define the category
of such spectra, one replaces in 2.1 every occurrence of the simplicial circle
by the projective line. If E is a P

1-spectrum, we may associate a bigraded
cohomology theory by setting

Ep,q(X) : = HomSH(k)(Σ∞
P1X+, E ∧ Sp−2q

s ∧ (P1)∧q) . (3)

An important example is the spectrum representing algebraic K-theory, which
we describe next.

If m is a non-negative integer, we denote the Grassmannian of vector spaces
of dimension n in the n + m-dimensional vector space over k by Grn(An+m).
By letting m tend to infinity, it results a directed system of spaces; denote
the colimit by BGLn. There are canonical monomorphisms

· · · � � �� BGLn
� � �� BGLn+1

� � �� · · · .

Denote by BGL the sequential colimit of this diagram.
Let KGL be a fibrant replacement of

Z × BGL

in the unstable motivic homotopy theory of k. Then there exists a map

β : P
1 ∧ KGL �� KGL , (4)

which represents the canonical Bott element of

K0(P1 ∧ (Z × BGL)) .

More precisely, the map (4) is adjoint to a lift of the isomorphism
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Z × BGL �� ΩP1(Z × BGL)

in the unstable motivic homotopy category which induces Bott periodicity in
algebraic K-theory. Details are recorded in [Voe98].

Definition 3.6 The algebraic K-theory spectrum KGL is the P
1-spectrum

(KGL,KGL, · · · ,KGL, . . . ) ,

together with the structure maps in (4).

As in topological K-theory, there is also Bott periodicity in algebraic K-
theory: The structure maps of KGL are defined by lifting an isomorphism in
the unstable motivic homotopy category, so there is an isomorphism

P
1 ∧ KGL = KGL . (5)

If k admits a complex embedding, taking C-points defines a realization
functor

tC : SH(k) �� SH .

This functor sends Σ∞
s,t Sp,q to the suspension spectrum of the p-sphere and

KGL to the ordinary complex topological K-theory spectrum.

3.3 The Algebraic Cobordism Spectrum MGL

In what follows, we use the notation in 3.2. Denote the tautological vector
bundle over the Grassmannian by

γn,m
�� Grn(An+m)

The canonical morphism

Grn(An+m) �� Grn(An+m+1)

is covered by a bundle map γn,m
�� γn,m+1. Taking the colimit over m

yields the universal n-dimensional vector bundle

γn
�� BGLn .

The product
A

1 × γn
�� BGLn

with the trivial one-dimensional bundle

A
1 �� Spec(k)
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is classified by the canonical map

BGLn
�� BGLn+1 .

In particular, there exists a bundle map

A
1 × γn

�� γn+1 .

On the level of Thom spaces, we obtain the map

Th(A1) ∧ Th(γn) = (A1/A
1

� 0) ∧ Th(γn) �� Th(γn+1) . (6)

Here, note that we may apply 2.25(a) since the map between γn and BGLn

is a colimit of vector bundles of smooth schemes. From (6) and Remark 2.22,
we get

cn : P
1 ∧ Th(γn) �� Th(γn+1) . (7)

Definition 3.7 The algebraic cobordism spectrum MGL is the P
1-spectrum

(Th(γ0),Th(γ1), . . . ,Th(γn), . . .) ,

together with the structure maps in (7).

The algebraic cobordism spectrum is the motivic analog of the ordinary
complex cobordism spectrum MU. One can check that

tC(MGL) = MU .

The notions of orientation, and formal group laws in ordinary stable homotopy
theory have direct analogs for P

1-spectra.

4 The Slice Filtration

In classical homotopy theory, the Eilenberg-MacLane space K(Z, n) has a
unique non-trivial homotopy group. And up to homotopy equivalence there is
a unique such space for each n (1). The situation in motivic homotopy theory
is quite different. For example, the homotopy groups πp,q(HZ) are often non-
zero, as one may deduce from the isomorphism between πq,q(HZ) and the
Milnor K-theory of k. To give an internal description of HZ within the stable
motivic homotopy category, we employ the so-called slice filtration. In what
follows, we recall and discuss the status of Voevodsky’s conjectures about the
slices of the sphere spectrum 1 = Σ∞

s,tSpec(k)+, HZ, and KGL. For more
details, we refer to the original papers [Voe02b] and [Voe02c].

Let SHeff(k) denote the smallest triangulated sub-category of SH(k) which
is closed under direct sums and contains all (s, t)-bispectra of the form Σ∞

s,tX+.
If n ≥ 1, the desuspension spectrum Σ−n

t Σ∞
s,tX+ is not contained in SHeff(k).
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The ‘effective’ s-stable homotopy category SHeff
s (k) is defined similarly, by

replacing Σ∞
s,t with the s-suspension Σ∞

s .
In this section, we shall study the sequence of full embeddings of categories

· · · � � �� Σ1
s,tSHeff(k) � � �� SHeff(k) � � �� Σ−1

s,t SHeff(k) � � �� · · · . (8)

The sequence (8) is called the slice filtration. For an alternative formulation
of the slice filtration, consider [Lev03]. The above is a filtration in the sense
that SH(k) is the smallest triangulated category which contains Σn

s,tSHeff(k)
for all n and is closed under arbitrary direct sums in SH(k). For each n, the
category Σn

s,tSHeff(k) is triangulated. Moreover, this category has arbitrary
direct sums and a set of compact generators.

Neeman’s work on triangulated categories in [Nee96] shows that the full
inclusion functor

in : Σn
s,tSHeff(k) � � �� SH(k)

has a right adjoint

rn : SH(k) �� Σn
s,tSHeff(k) .

such that the unit of the adjunction is an isomorphism

Id �� rn ◦ in .

Consider now the reverse composition

fn : SH(k)
rn �� Σn

s,tSHeff(k)
in �� SH(k) .

The counit
fn+1

�� Id

applied to the functor fn determines a natural transformation

fn+1 = fn+1 ◦ fn
�� fn .

If E is an (s, t)-bispectrum and n ∈ Z, then the slice tower of E consists
of the distinguished triangles in SH(k)

fn+1E �� fnE �� snE �� fn+1E[1] . (9)

Definition 4.1 The n-th slice of E is snE.

Remark 4.2 Since fn+1E, fnE ∈ Σn
s,tSHeff(k), we get that snE ∈ Σn

s,t

SHeff(k). The adjunction above implies that snE receives only the trivial map
from Σn+1

s,t SHeff(k). Standard arguments show that these properties character-
ize, up to canonical isomorphism, the triangulated functors
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sn : SH(k) �� SH(k) .

Suppose that E ∈ Σn
s,tSHeff(k) and let k ≤ n. Then fkE = E and the k-th

slice skE of E is trivial for all k < n.

Slice towers are analogous to Postnikov towers in algebraic topology; the
slices corresponding to the cofibers or quotients. If E is an ordinary spectrum,
recall that its Postnikov tower expresses E as the sequential colimit of a
diagram of cofibrations

· · · �� P−1E
p0 �� P0E

p1 �� P1E �� · · ·
pn �� PnE

pn+1 �� · · · .

The canonical map
PnE �� E

induces isomorphisms on all stable homotopy groups πi and i ≤ n, whereas
for i > n we have

πi(PnE) = 0 .

It follows that the cofiber of pn is an Eilenberg-MacLane spectrum ΣnHπn(E);
hence, in particular an HZ-module. Now recall that the zeroth stage of the
Postnikov tower of the ordinary sphere spectrum is the Eilenberg-MacLane
spectrum HZ.

This gives some topological motivation for the following conjecture, which
in turn implies a characterization of motivic cohomology entirely in terms of
the motivic stable homotopy category.

Conjecture 1. s01 = HZ.

The collection of the functors sn is compatible with the smash product,
meaning that if E and F are objects of SH(k), there is a natural map

sn(E) ∧ sm(F ) �� sn+m(E ∧ F ) .

In particular, we get a map

s0(1) ∧ sn(E) �� sn(E) .

If Conjecture 1 holds, then the above allows us to conclude that each slice of
an (s, t)-bispectrum has a natural and unique structure of a module over the
motivic cohomology spectrum.

Theorem 4.3 Conjecture 1 holds for all fields of characteristic zero.

Remark 4.4 According to [Lev03, Theorem 8.4.1], Theorem 4.5 holds for
every perfect field.
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In our sketch proof of 4.3, we start with the zeroth slice of HZ.

Lemma 4.5 Let k be a field of characteristic zero. Then s0HZ = HZ.

To prove 4.5, we will make use of the following facts: First, the motivic
Eilenberg-MacLane spectrum is an effective spectrum. Thus

f0HZ = HZ .

Second, if X is a scheme in Sm/k, then every map in SH(k) from Σ1
s,tΣ

∞
s,t X+

to HZ is trivial by Voevodsky’s cancellation theorem [Voe02a].6

Hence, for every E ∈ Σ1
s,tSHeff(k), we get isomorphisms

HomΣ1
s,tSHeff (k)(E, r1HZ) = HomSH(k)(i1E,HZ)

= 0 .

This proves

r1HZ = 0 .

In particular, f1HZ = 0 and hence

s0HZ = f0HZ

= HZ .

Denote by C the cone of the unit map

1 �� HZ .

To finish the proof of 4.3, note that by 4.5 it remains to show

s0C = 0 .

Remark 4.2 shows it suffices to prove that C is contained in Σ1
s,tSHeff(k).

If k is a field of characteristic zero, then HZ has an explicit description in
terms of infinite symmetric products of A

n and A
n

�0. This allows to conclude
the statement about C. We shall sketch a proof.

Recall that

HZn,n = L(Sn
s ∧ Sn

t )

is weakly equivalent to the quotient sheaf L(An)/L(An
� 0).

Let Leff(An) denote the sheaf which maps U ∈ Sm/k to the free abelian
monoid generated by closed irreducible subsets of U ×A

n which are finite over
U and also surjective over a connected component of U .

The sheaf Leff(An
� 0) is defined similarly. In particular, Leff consists of

cycles with nonnegative coefficients. Denote the quotient Leff(An)/Leff(An
�0)

6 In other words, motivic cohomology of X in weight −1 is zero.
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by HZ
eff
n,n. It is straightforward to define HZ

eff
m,n and moreover note that, along

the same lines as above, these pointed spaces form an (s, t)-bispectrum HZ
eff .

If n ≥ 1, the canonical map

HZ
eff
n,n

�� HZn,n

turns out to be a weak equivalence of pointed spaces.
Furthermore, the canonical inclusion

1 �� HZ

factors through

1 �� HZ
eff .

Hence the quotient of the latter map is equivalent to C.
Next, we consider Tn = A

n/A
n

� 0. Let HZ
≤d
n,n be the subsheaf of HZ

eff
n,n

mapping U ∈ Sm/k to the cycles of degree ≤ d over U . Then the natural
inclusion

Tn � � �� HZ
eff
n,n

has a filtration

Tn = HZ
≤1
n,n

� � �� HZ
≤2
n,n

� � �� · · · � � �� HZ
≤d
n,n

� � �� · · · � � �� HZ
eff
n,n.

Taking quotients HZ
≤d
n,n/HZ

≤d−1
n,n induces a filtration of the quotient sheaf

HZ
eff
n,n/Tn. Results of Suslin-Voevodsky [SV96] imply that HZ

≤d
n,n/HZ

≤d−1
n,n

is isomorphic to the d-th symmetric power sheaf (Tn)∧d/Sd of Tn, where Sd

denotes the symmetric group on d letters. This uses the characteristic zero
assumption.

One can show that (Tn)∧d/Sd is contained in the smallest class of pointed
spaces which is closed under homotopy colimits and contains all X/(X − Z),
where Z is a closed subscheme of X ∈ Sm/S of codimension ≥n + 1. After
resolving all singularities in Z, homotopy purity 2.26 implies that the (s, t)-
suspension spectrum of any space in this class is contained in Σn+1

s,t SHeff(k).
This ends our sketch proof of 4.3.

Analogous to (8), there exists a slice filtration in SHA
1

s (k). For n ≥ 0, let
Σn

t SHA
1

s (k) be the smallest compactly generated triangulated sub-category of
SHA

1

s (k) which is closed under arbitrary direct sums, and generated by the
objects Σn

t Σ∞
s X+. We obtain the filtration

· · · � � �� Σn
t SHA

1

s (k) � � �� Σn−1
t SHA

1

s (k) · · · � � �� Σ0
t SHA

1

s (k) = SHA
1

s (k) .

The t-suspension functor Σ∞
t preserves the slice filtrations in the sense that

Σ∞
t (Σn

t SHA
1

s (k)) ⊆ Σn
s,tSHeff(k) .
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Denote the right adjoint of this inclusion by

Ω∞
t : SH(k) �� SHA

1

s (k) .

Conjecture 2. There is an inclusion Ω∞
t (Σn

s,tSHeff(k)) ⊆ Σn
t SHA

1

s (k).

In topology, recall that first applying the suspension functor, and second
the loop space functor preserve connectivity. An inductive argument shows
that the following implies Conjecture 2.

Conjecture 3. If X ∈ Sm/k and n ≥ 0, then Ω1
t Σ1

t Σ∞
s (Sn

t ∧X+) ∈ Σn
t SHA

1

s (k).

This conjecture is not known at present, even if k is a field of characteristic
zero. A proof seems to require a fair amount of work. A possible approach to
prove Conjecture 3 is to develop an analog of the theory of operads, at least
for A∞-operads, in order to have an explicit model for ΩP1ΣP1(X). Framed
correspondences might be a useful tool in working out such a theory.

At last in the section, we relate the above machinery to a possibly new
approach to some recent advances in algebraic K-theory.

In [Bei87], Beilinson conjectured the existence of an Atiyah-Hirzebruch
type spectral sequence for the algebraic K-groups of nice schemes. In [BL95],
Bloch and Lichtenbaum constructed such a spectral sequence. Their work has
been expanded by Friedlander and Suslin [FS02], by Levine [Lev01], and by
Suslin [Sus03].

The slice tower (9) acquires an associated spectral sequence. In the example
of KGL, one obtains

HomSH(k)(Σ∞
s,tX+, Sp−q

s ∧ Sq
t ∧ s0KGL) ⇒ K−p−q(X) . (10)

The main problem with this spectral sequence is to identify the input
terms in (10) with motivic cohomology.

Conjecture 4. s0KGL = HZ.

Because of Bott periodicity (5), the above describe all the slices of KGL.
More precisely, one expects

snKGL = Σn
s,tHZ .

As a consequence, Conjecture 4 and (10) would imply the Atiyah-Hirzebruch
type spectral sequence

Hp−q,q(X, Z) ⇒ K−p−q(X) . (11)

Strong convergence of (11) is shown in [Voe02c]. In the same paper, it was
noted that Conjectures 1 and 2 imply Conjecture 4.
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5 Appendix

In this appendix, written by the second and third author, we shall discuss in
some details the homotopy theoretic underpinnings of the theory presented in
the main body of this note.

Some results in motivic homotopy theory depend on a characterization of
Nisnevich sheaves in terms of upper distinguished squares. For completeness,
in the following section we review the connection between upper distinguished
squares and the Nisnevich topology, as described by Morel and Voevodsky
in [MV99].

This brings us to the topic of model structures for simplicial presheaves
on the smooth Nisnevich site of k. Nowadays there exist several such model
structures. At a first encounter, the choice of a model structure might be
a quite confusing foundational aspect of the theory. However, the flexibility
this choice offers clearly outweighs the drudgery involved in learning about
the various models; in fact, this development is a result of various quests to
improve the machinery leading to the construction of SH(k). Our exposition
follows the paper of Goerss and Jardine [GJ98].

The final section deals with the motivic stable model structure as presented
in [Jar00]. In the 1990’s topologists discovered model structures with compat-
ible monoidal structures, and such that the associated homotopy categories
are all equivalent as monoidal categories to the ordinary stable homotopy cat-
egory. Motivic stable homotopy theory have in a few years time acquired the
same level of technical sophistication as found in ordinary stable homotopy
theory. An example of a highly structured model for SH(k) is the model of
motivic functors described in [Dun].

In this appendix, using the Zariski spectrum Spec(k) of a field k as the
base-scheme is mainly for notational convenience. Although smoothness is
essential in the proof of the homotopy purity Theorem 2.26, it is not a foun-
dational requirement for setting up motivic model structures. The theory we
shall discuss works well for categories of schemes of (locally) finite type over
a finite dimensional Noetherian base-scheme.

5.1 The Nisnevich Topology

In Sect. 2, we constructed several examples of distinguished triangles by means
of upper distinguished squares:

W ��

��

V

p

��
U

i �� X

(12)

Recall the conditions we impose on (12): i is an open embedding, p is an etale
map, and p−1(X �U) → (X �U) induces an isomorphism of reduced schemes.
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Exercise 5.1 Show that the real affine line A
1
R
, A

1
R
�{(x2+1)}, A

1
C
�{(x−i)},

and A
1
C

�{(x+i)(x−i)} define an upper distinguished square. Here, irreducible
polynomials are identified with the corresponding closed points on affine lines.

The Grothendieck topology obtained from the collection of all upper dis-
tinguished squares is by definition the smallest topology on Sm/k such that,
for each upper distinguished square (12), the sieve obtained from the mor-
phisms i and p is a covering sieve of X, and the empty sieve is a covering
sieve of the empty scheme ∅. Note that for a sheaf F in this topology we have
F (∅) = ∗. A sieve of X is a subfunctor of the space represented by X under
the Yoneda embedding. A sieve is a covering sieve if and only if it contains a
covering arising from an upper distinguished square.

To tie in with the Nisnevich topology, we record the following result due
to Morel-Voevodsky [MV99].

Proposition 5.2 The coverings associated to upper distinguished squares
form a basis for the Nisnevich topology on Sm/k.

In the proof of 5.2, we use the notion of a splitting sequence for coverings:
Suppose X ∈ Sm/k and the following is a Nisnevich covering

{fα : Xα
�� X}α∈I . (13)

We claim there exists a finite sequence of closed embeddings

∅ = Zαn+1
�� Zαn

�� · · · �� Zα0 = X , (14)

and for 0 ≤ i ≤ n, Spec(k)-sections sαi
of the natural projections

fαi
×X (Zαi

� Zαi+1) : Xαi
×X (Zαi

� Zαi+1) �� (Zαi
� Zαi+1) .

To construct the sequence (Zαi
)n+1
i=0 we set Zα0 : = X. For each generic point

x of X, the Nisnevich covering condition requires that there exists an index
α0 ∈ I and a generic point xα0 of Xα0 such that fα0 induces an isomorphism
of residue fields k(x) → k(xα0). The induced morphism of closed integral
subschemes corresponding to the generic points is an isomorphism over x,
hence an isomorphism over an open neighborhood Uα0 of x. It follows that
fα0 has a section sα0 over Uα0 as shown in the diagram:

Xα0

fα0

��
Uα0

sα0

��

� � �� Zα0

Next, set Zα1 : = Zα0 � Uα0 . With this definition, there exists a Nisnevich
covering {Xα ×X Zα1 → Zα1}α∈I . The next step is to run the same argument
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for Zα1 . Iterating this procedure, we obtain a strictly decreasing sequence of
closed subsets of X with the ascribed property. Since X is Noetherian, the
sequence will terminate.

We note that the existence of splitting sequences for coverings implies that
the Nisnevich topology on Sm/k is Noetherian in the sense that every covering
allows a finite refinement. This follows because there is only a finite number
of the pairs (Zαi

� Zαi+1) and {fαi
: Xα → X}n

i=0 is a Nisnevich covering.
Next, we sketch a proof of 5.2: First, it is clear that every covering obtained

from an upper distinguished square is indeed a Nisnevich covering. Conversely,
consider the covering sieve R generated by a Nisnevich covering of X (13)
and the corresponding splitting sequence (14). Since X is Noetherian, we may
assume that I is finite and the sieve R is obtained from the morphism

f :
∐

α∈I Xα
�� X .

The idea is now to construct an upper distinguished square where the scheme
subject to the open embedding i has a splitting sequence of length less than
that of (14).

Denote by s the Spec(k)-section of f over X � Zαn
. Note that we have

obtained the upper distinguished square:

W ��

��

V = (
∐

α∈I Xα) � (f−1(X � Zαn
) � Im(s))

p

��
U = (X � Zαn

) i �� X

Here, the splitting sequence associated to the Nisnevich covering
∐

α∈I Xα ×X (X � Zαn
) �� (X � Zαn

) (15)

has length one less than (14).
The covering sieve R is obtained by composing the Nisnevich coverings

{
∐

α∈I Xα ×X (X � Zαn
) �� (X � Zαn

), V = V } , (16)

{U �� X,V �� X} . (17)

By considering the length of the splitting sequence for (15), we may assume
that (16) is a covering in the topology generated by upper distinguished
squares. The same holds trivially for (17).

Corollary 5.3 A presheaf on the smooth Nisnevich site of k is a sheaf if and
only if it maps every upper distinguished square to a cartesian diagram of sets
and the empty scheme to ∗.
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The empty scheme ∅ represents a simplicial presheaf on Sm/k. Its value
on the empty scheme is ∗, not the empty set, which distinguishes it from the
initial presheaf. Recall that a Nisnevich neighborhood of x ∈ X consists of an
etale morphism f : V → X together with a point v ∈ f−1(x) such that the
induced map k(x) → k(v) is an isomorphism. The Nisnevich neighborhoods
of x ∈ X yield a cofiltering system. Let Oh

X,x denote the henselization of the
local ring of X at x. Its Zariski spectrum equals the limit of all Nisnevich
neighborhoods of x ∈ X.

When F is a sheaf on the smooth Nisnevich site of k, denote by F (Oh
X,x)

the filtered colimit of F (V ) indexed over all the Nisnevich neighborhoods of x.
By restricting to a small skeleton of Sm/k, we obtain a family of conservative
points for the Nisnevich topos ShvNis(Sm/k), namely

F
� �� F (Oh

X,x) .

In other terms, a morphism of sheaves F → G on the smooth Nisnevich site
of k is an isomorphism if and only if F (Oh

X,x) → G(Oh
X,x) is an isomorphism

for all x ∈ X.
Denote by ∆opPreNis(Sm/k) the category of simplicial presheaves on the

smooth Nisnevich site of k. Recall from [Dun] the notion of weak equivalence
between simplicial sets. A morphism X → Y in ∆opPreNis(Sm/k) is called a
schemewise weak equivalence if for all X ∈ Sm/k there is an induced weak
equivalence X (X) → Y(Y ). In particular, a morphism of discrete simplicial
presheaves is a schemewise weak equivalence if and only if it is an isomorphism.
There is the much coarser notion of a stalkwise weak equivalence.

Definition 5.4 A morphism X → Y in ∆opPreNis(Sm/k) is called a stalkwise
weak equivalence if for all X ∈ Sm/k and x ∈ X there is an induced weak
equivalence of simplicial sets X (Oh

X,x) → Y(Oh
X,x).

An important observation is that the simplicial presheaves are evaluated
at Hensel local rings; this is particular to the Nisnevich topology. If we instead
considered the etale topology, we would have evaluated at strict Hensel local
rings. In this way, the stalkwise weak equivalences in ∆opPreNis(Sm/k) depend
on some of the finest properties of the Nisnevich topology.

Exercise 5.5 Give an example of a stalkwise weak equivalence which is not
a weak equivalence on all local rings. (Hint: An example can be obtained by
considering the pushout of the upper distinguished square in Exercise 5.1.)

So far we have encountered two important properties of the Nisnevich
topology: First, the collection of all upper distinguished squares generates
the Nisnevich topology. This implies a useful characterization of Nisnevich
sheaves. Second, the stalkwise weak equivalences are completely determined
by Henselizations of Zariski local rings. These two facts are among the chief
reasons why developing motivic homotopy theory in the Nisnevich topology
turns out to give a whole host of interesting results.
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There exist two other characterizations of stalkwise weak equivalences. To
review these, we generalize combinatorial and topological homotopy groups
for simplicial sets to the setting of Nisnevich sheaves of homotopy groups of
simplicial presheaves. Recall that Kan employed the subdivision functor Ex∞

to define combinatorial homotopy groups of simplicial sets without reference
to topological spaces [Dun]. We recall Jardine’s generalization to simplicial
presheaves [Jar87, §1].

First, we require an extension of Ex∞ to the simplicial presheaf category
∆opPreNis(Sm/k). If X is a simplicial presheaf on the smooth Nisnevich site
of k, let ExmX denote the simplicial presheaf with n-simplices

[n] � �� ∆opPreNis(Sm/k)(sdm∆[n],X ) .

In the above expression, sdm denotes the subdivision functor iterated m times.
Its simplicial structure is obtained by precomposition with the simplicial sets
maps involving the subdivision sdm.

Using the natural last vertex maps sd∆[n] → ∆[n], for n ≥ 0, and iterating,
we get the diagram

X �� Ex1X �� Ex2X �� · · · . (18)

Denote by Ex∞X the colimit of (18) in the presheaf category. There is, by
construction, a canonically induced schemewise weak equivalence, and hence
stalkwise weak equivalence

X �� Ex∞X .

A morphism X → Y of simplicial presheaves is a local fibration if for every
commutative diagram of simplicial set maps

Λk[n] ��
� �

��

X (X)

��
∆[n] �� Y(X)

there exists a covering sieve R ⊆ Sm/k(−,X) such that for every φ : Y → X
in R and in every commutative diagram as below, there exists a lift:

Λk[n] ��
� �

��

X (X) �� X (Y )

��
∆[n] ��

��

Y(X) �� Y(Y )

Local fibrations are the morphisms with the local right lifting property with
respect to the inclusions Λk[n] ⊆ ∆[n], n > 0, of the boundary ∂∆[n] having
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the k-th face deleted from its list of generators. Simplicial presheaf morphisms
having the analogously defined local right lifting property with respect to
all inclusions ∂∆[n] ⊆ ∆[n], n > 0, are local fibrations. We say that X is
locally fibrant if the morphism X → ∗ to the simplicial presheaf represented
by Spec(k) is a local fibration. Schemewise Kan fibrations (i.e. morphisms
X → Y which for every member X of Sm/k gives a Kan fibration of simplicial
sets X (X) → Y(X)) are local fibrations. The simplicial presheaf Ex∞X is a
typical example of a locally fibrant object.

Exercise 5.6 Show that X → Y is a local fibration if and only if for all
X ∈ Sm/k and x ∈ X, the map X (Oh

X,x) → Y(Oh
X,x) is a Kan fibration of

simplicial sets.
Conclude that X is locally fibrant if and only if X (Oh

X,x) is a Kan complex
for all X ∈ Sm/k and x ∈ X.

When comparing model structures for simplicial presheaves and simplicial
sheaves on Sm/k, we shall employ the Nisnevich sheafification functor for
presheaves [Lev]. Recall that the functor aNis is left adjoint to the inclusion

ShvNis(Sm/k) ⊆ PreNis(Sm/k).

A degreewise application extends it to simplicial presheaves.

Exercise 5.7 Show that X → aNisX is a local fibration by proving that it has
the local right lifting property with respect to the inclusions ∂∆[n] ⊆ ∆[n].

Consider a locally fibrant simplicial presheaf X on Sm/k and a pair of
simplicial set maps

∆[n]
f ��
g

�� X (X).

Then f is locally homotopic to g if there exists a covering sieve R ⊆
Sm/k(−,X) such that, for each φ : Y → X in R, there is a commutative
diagram:

∆[n]

f

��

d0
�� ∆[n] × ∆[1]

hφ

��

∆[n]d1
��

g

��
X (X)

φ∗
�� X (Y ) X (X)

φ∗
��

In addition, f and g are locally homotopic relative to ∂∆[n] provided each
homotopy hφ is constant on ∂∆[n] ⊆ ∆[n] × ∆[1] and

f |∂∆[n] = g|∂∆[n] .

One shows easily that local homotopy relative to ∂∆[n] is an equivalence
relation for locally fibrant simplicial presheaves [Jar87, Lemma 1.9].
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If x is a zero-simplex of X (k), let x|X be the image of x in X (X)0 under the
canonically induced morphism X (Spec(k)) → X (X). Consider the following
set of all equivalence classes of maps of pairs

(
∆[n], ∂∆[n]

) �� (X (X), x|X
)

where the equivalence relation is generated by relative local homotopies. For
n ≥ 1, the associated Nisnevich sheaves πloc

n (X , x) of combinatorial homotopy
groups are formed by letting X vary over the Nisnevich site on Sm/k. When
n = 0, we take the sheaf associated with local homotopy classes of vertices.

As for simplicial sets, a tedious check reveals that πloc
n (X , x) is a sheaf of

groups for n ≥ 1, which is abelian for n ≥ 2.
The Nisnevich site Sm/k ↓ X has the terminal object IdX , with topology

induced from the Nisnevich topology on the big site Sm/k. So for a locally
fibrant simplicial presheaf X , the zero-simplex x ∈ X |X(IdX)0 determines a
sheaf of homotopy groups πloc

n (X|X,x).

Definition 5.8 A morphism f : X → Y of simplicial presheaves on the
smooth Nisnevich site of k is a combinatorial weak equivalence if for all n ≥ 1,
X ∈ Sm/k, and zero-simplices x ∈ X (X)0 there are induced isomorphisms of
Nisnevich sheaves

πloc
0 (X ) �� πloc

0 (Y) ,

πloc
n (Ex∞X|X,x) �� πloc

n (Ex∞Y|X, f(x)).

Exercise 5.9 Show the following assertions.

(i) There is a combinatorial weak equivalence of simplicial presheaves X → Y
if and only if for each X ∈ Sm/k and x ∈ X there is a naturally induced
weak equivalence of simplicial sets X (Oh

X,x) → Y(Oh
X,x).

(ii) If X is a locally fibrant simplicial presheaf, then πloc
n (X ) → πloc

n (Ex∞X )
is an isomorphism for every n ≥ 0.

If X ∈ ∆opPreNis(Sm/k) and x ∈ X (X)0 is a zero-simplex, let πn(X , x)
denote the sheaf on Sm/k ↓ X associated to the presheaf

(U �� X) � �� πn(X (U), x|U) .

Note that this definition uses homotopy groups obtained by passing to the
geometrical realization of the simplicial set X (U).

The sheaf of path components π0(X ) of a simplicial presheaf X is the
Nisnevich sheafification of the coequalizer of the presheaf diagram

X1

d0 ��
d1

�� X0 .

The definition of topological weak equivalence is strictly parallel to that
of combinatorial weak equivalences:
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Definition 5.10 A morphism X → Y in ∆opPreNis(Sm/k) is a topological
weak equivalence if for all n ≥ 1, X ∈ Sm/k, and x ∈ X (X)0 there are
naturally induced isomorphisms of Nisnevich sheaves

π0(X ) �� π0(Y) ,

πn(X|X,x) �� πn(Y|X, f(x)) .

For proofs of the following result, see [DI04, 6.7] and [Jar87, 1.18].

Lemma 5.11 For any simplicial presheaf X ∈ ∆opPreNis(Sm/k), X ∈ Sm/k,
and x ∈ X (X)0 there are naturally induced isomorphisms of Nisnevich sheaves

πn(X|X,x) �� πloc
n (X|X,x) .

Exercise 5.12 Let X → Y be a morphism of simplicial presheaves. If X and
Y are locally fibrant, show that X → Y is a topological weak equivalence if and
only if there are naturally induced isomorphisms of Nisnevich sheaves

πloc
0 (X ) �� πloc

0 (Y) ,

πloc
n (X|X,x) �� πloc

n (Y|X, f(x)).

Exercises 5.9 and 5.12 show that the classes of combinatorial, stalkwise,
and topological weak equivalences coincide. To emphasize the local structure,
we refer to them as local weak equivalences. We also use the notation ∼loc.

A simplicial presheaf X on Sm/k satisfies Nisnevich descent if for every
upper distinguished square (12), the following diagram is a homotopy cartesian
square of simplicial sets:

X (X) ��

��

X (V )

��
X (U) �� X (W )

(19)

The following fundamental result is the Nisnevich descent theorem which
was proven by Morel-Voevodsky in [MV99].

Theorem 5.13 Suppose X and Y satisfy Nisnevich descent on Sm/k, and
there is a local weak equivalence

X ∼loc �� Y .

Then X and Y are schemewise weakly equivalent.

Remark 5.14 We point out that the Nisnevich descent theorem also holds for
the big site of finite type S-schemes, where S denotes a Noetherian scheme of
finite Krull dimension.
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Theorem 5.13 follows easily from the following Lemma.

Lemma 5.15 Suppose X satisfies Nisnevich descent on Sm/k, and there is
a local weak equivalence

X ∼loc �� ∗ .

Then X and ∗ are schemewise weakly equivalent, so that X is schemewise
contractible.

The Lemma implies the Theorem: Our object is to prove that for every
X ∈ Sm/k, there is a weak equivalence of simplicial sets

X (X) �� Y(X) .

It suffices to show that the schemewise homotopy fiber over any zero-simplex
x ∈ Y(X)0 is contractible. Since X and Y are locally weakly equivalent and
satisfy Nisnevich descent, it follows that the schemewise homotopy fiber is
locally weakly equivalent to ∗ and satisfies Nisnevich descent on Sm/k ↓ X.
Lemma 5.15 applies to the Nisnevich site of Sm/k ↓ X. Thus the homotopy
fiber is schemewise contractible. We conclude there is a schemewise weak
equivalence

X ∼sch �� Y .

Later in this text, we shall use an alternate form of the Nisnevich descent
theorem in the context of constructing model structures for spectra of spaces.
Since the proof of 5.13 and its reformulation makes use of model structures on
the presheaf category ∆opShvNis(Sm/k), we will discuss such model structures
in the next section.

5.2 Model Structures for Spaces

This section looks into the construction of a motivic model structure on
∆opShvNis(Sm/k). Instead of using simplicial sheaves, we shall work in the
setting of simplicial presheaves. The motivic model structure for simplicial
sheaves follows immediately from the existence of a Quillen equivalent motivic
model structure on the corresponding presheaf category ∆opPreNis(Sm/k).

There are now several model structures underlying the motivic homotopy
category. The classes of weak equivalences coincide in all these motivic mod-
els. However, the motivic models differ greatly with respect to the choice of
cofibrations. Now, the good news is that having a bit a variety in the choice of
foundations gives a more in depth understanding of the whole theory. As our
cofibrations we choose monomorphisms of simplicial presheaves. This has the
neat effect that all objects are cofibrant. On the other hand, this choice makes
it difficult to describe the fibrations defined using the right lifting property
with respect to trivial cofibrations. In other models, there are more fibrant
objects and the fibrations are easier to describe, but then again not every
object is cofibrant.
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We do not attempt to give a thorough case by case study of each motivic
model. The reader can consult the following list of papers on this subject:
Blander [Bla01], Dugger [Dug01], Dugger-Hollander-Isaksen [DHI04], Dundas-
Röndigs-Østvær [DRØ03], Isaksen [Isa04], Jardine [Jar03], and Voevodsky
[Voe00a].

Recall that a cofibration of simplicial sets is simply an inclusion. Jardine
[Jar87] proved the theorem that monomorphisms form an adequate class of
cofibrations in the simplicial presheaf setting. Adequate means, in particular,
that the classes of local weak equivalences and monomorphisms form a model
structure on ∆opPreNis(Sm/k). This leads to the model structure introduced
by Morel-Voevodsky [MV99]. The main innovative idea in their construction
of the motivic theory is that the affine line plays the role of the unit interval
in topology. In our discussion of the Jardine and Morel-Voevodsky model
structures, we follow the approach in the paper of Goerss-Jardine [GJ98].

For the basic notions in homotopical algebra we will use, such as left/right
proper and simplicial model categories, see for example [Dun]. First in this
section, we deal with Jardine’s model structure on ∆opPreNis(Sm/k). Global
fibrations are, by definition, morphisms having the right lifting property with
respect to morphisms which are monomorphisms and local weak equivalences.
This forces half of the lifting axiom M4 in the model category structure. We
refer to the following model as the local injective model structure.

Theorem 5.16 The classes of local weak equivalences, monomorphisms and
global fibrations define a proper, simplicial and cofibrantly generated model
structure for simplicial presheaves on the smooth Nisnevich site of k.

Fibrant objects in the local injective model structure are called globally
fibrant. An essential input in the proof of 5.16 is the following list of properties:

P1 The class of local weak equivalences is closed under retracts.
P2 The class of local weak equivalences satisfies the two out of three axiom.
P3 Every schemewise weak equivalence is a local weak equivalence.
P4 The class of trivial cofibrations is closed under pushouts.
P5 Let γ be a limit ordinal, considered as a partially ordered set.

Suppose there is a functor

F : γ �� ∆opPreNis(Sm/k) ,

such that for each morphism i ≤ j in γ there is a trivial cofibration

F (i) ��∼loc �� F (j) .

Then there is a canonically induced trivial cofibration

F (i) ��∼loc �� colim
j∈γ

F (j) .
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P6 Suppose there exist trivial cofibrations for i ∈ I

Fi
��∼loc �� Gi .

Then there is a canonically induced trivial cofibration

∐
i∈I Fi

��∼loc �� ∐
i∈I Gi .

P7 There is an infinite cardinal λ which is an upper bound for the cardinality
of the set of morphisms of Sm/k such that for every trivial cofibration

X ��∼loc �� Y and every λ-bounded subobject Z of Y there exists some
λ-bounded subobject W of Y and a diagram of simplicial presheaves:

W ∩X � � ��
��

∼loc

��

X
��
∼loc

��
Z � � �� W � � �� Y

Properties P1–P3 are clear from our discussion of local weak equivalences
in Sect. 5.1. For example, the morphism of presheaves of homotopy groups
induced by a schemewise weak equivalence is an isomorphism.

To prove P4, we consider a pushout diagram in ∆opPreNis(Sm/k) where i
is a cofibration and a local weak equivalence:

X
��

i ∼loc

��

f �� Z
j

��
Y �� Y ∪X Z =: W

We want to prove that the right vertical morphism is a local weak equivalence.
Pushouts along monomorphisms preserves schemewise weak equivalences, so
we may assume that all simplicial presheaves are schemewise fibrant; hence,
locally fibrant, and moreover that f is a monomorphism. Exercise 5.9 and the
characterization of local weak equivalences by combinatorial homotopy groups
πloc imply: j is a local weak equivalence if and only if for every X ∈ Sm/k
and every diagram

∂∆n α ��
� �

��

Z(X)

j(X)

��
∆n

β �� W(X)

(20)

there exists a covering sieve R of X together with a local homotopy. That is, for
every φ : U → X in R, there is a simplicial homotopy ∆n×∆1 → W(U), which
is constant on ∂∆n, from φ∗◦β to a map β′ with image in Z(U). Replacing the
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inclusion ∂∆n ↪→ ∆n in diagram (20) by an appropriate subdivision K ↪→ L,
one can assume that the image under β of every simplex σ of L lies either in
Z(X) or in Y(X) (or in both, meaning that β(σ) ∈ X (X) = Y(X) ∩ Z(X)).
Since L is obtained from K by attaching finitely many simplices (of dimension
0 ≤ d ≤ n), one may construct the required simplicial homotopy by induction
on these simplices. In case the simplex has image in Z(X), use a constant
local homotopy. Otherwise, one can construct a local homotopy as desired,
because i is a local weak equivalence. Observe that this requires passing to a
covering sieve as many times as there are non-degenerate simplices in L � K.

The first step in the proof of P5 is left to the reader as an exercise:

Exercise 5.17 Note that there is a functor

Ex∞F : γ �� ∆opPreNis(Sm/k), i
� �� Ex∞F (i) ,

together with a natural transformation

F �� Ex∞F .

By considering the following commutative diagram, show that it suffices to
prove P5 when F (i) is a presheaf of Kan complexes for all i ∈ γ:

F (i)

��

�� colim
j∈γ

F (j)

��
Ex∞F (i) �� colim

j∈γ
Ex∞F (j)

(Hint: Schemewise weak equivalences are local weak equivalences.)

Taking the previous exercise for granted, we may now assume that each
F (i) is a presheaf of Kan complexes.
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Consider the diagram obtained from the Nisnevich sheafification functor:

F (i)

��

�� colim
j∈γ

F (j)

��

�� aNis(colim
j∈γ

F (j))

∼=
��

aNisF (i) �� colim
j∈γ

aNisF (j) �� aNis(colim
j∈γ

aNisF (j))

Concerning the left lower horizontal morphism, note that aNisF (i) → aNisF (j)
is a local weak equivalence of locally fibrant simplicial presheaves; hence a
schemewise weak equivalence, which implies a schemewise and hence a local
weak equivalence between aNisF (i) and colim

j∈γ
aNisF (j).

The associated Nisnevich sheaf morphisms are all local weak equivalences,
so that starting in the right hand square and using the two out of three
property for local weak equivalences, it follows that all the morphisms in the
diagram are local weak equivalences. This proves P5.

It is time to consider property P6. Again, let us start with an exercise.

Exercise 5.18 Show there is no loss of generality in assuming that Fi and
Gi are Kan complexes for all i ∈ I. (Hint: Ex∞ preserves coproducts.)

The proof proceeds by noting the local weak equivalence between locally
fibrant presheaves aNisFi → aNisGi. In effect, we use

∐
i∈I aNisFi

∼sch �� ∐
i∈I aNisGi .

Sheafification induces the commutative diagram:

aNis

∐
i∈I Fi

∼=
��

∐
i∈I Fi

��

��

�� ∐
i∈I Gi

��

�� aNis

∐
i∈I Gi

∼=
��

aNis

∐
i∈I aNisFi

∐
i∈I aNisFi

�� ∼loc �� ∐
i∈I aNisGi

�� aNis

∐
i∈I aNisGi

By starting with the outer squares, an easy check shows that all morphisms
in the diagram are local weak equivalences. The part of property P6 dealing
with cofibrations is clear.

In the formulation of property P7 or the ‘bounded cofibration condition’,
we implicitly use that Sm/k is skeletally small. The latter means that isomor-
phism classes of objects in Sm/k form a set. If κ is an infinite cardinal and
X ∈ Sm/k, then the cardinality of X is less than κ, written card(X) < κ, if
the following hold:

C1 The cardinality of the underlying topological space of X is smaller than
the cardinal κ.
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C2 For all Zariski open affine patches Spec(A) of X we have card(A) < κ.

Suppose that A is a commutative ring with unit, such that card(A) < κ.
Then, as a ring, A is isomorphic to the quotient by an ideal of a polynomial
ring Z[T ] on a set T of generators such that card(T ) < κ. This implies the
inequality card(Z[T ]) < κ. Hence, the cardinality of the collection of ideals
of Z[T ] is bounded above by 2κ. It follows that the collection of isomorphisms
classes of all affine schemes Spec(A) such that card(A) < κ forms a set. To
generalize to schemes, use that isomorphism classes of schemes are bounded
above by isomorphism classes of diagrams of affine schemes. Fixing an infinite
cardinal κ such that card(k) < κ, implies, from what we have just observed,
that Sm/k is skeletally small; thus, the formulation of P7 makes sense.

On a related matter, a cofibration in ∆opPreNis(Sm/k)

X �� �� Y

is λ-bounded if the object Y is λ-bounded, i.e. for all X ∈ Sm/k, n ≥ 0, each
set Yn(X) has smaller cardinality than λ. For each object X ∈ Sm/k, there
is the X-section functor

X � �� X (X) .

It has a left adjoint whose value on the standard simplicial n-simplex ∆[n] is
the λ-bounded simplicial presheaf hX∆[n] defined by

Y
� �� ∐

φ : Y →X ∆[n] .

Using adjointness yields bijections between morphisms of simplicial sets and
morphisms of simplicial presheaves,

∆[n] �� Y(X), hX∆[n] �� Y .

It follows that any simplicial presheaf on the smooth Nisnevich site of k is a
filtered colimit of its λ-bounded subobjects because the generating simplicial
presheaves hX∆[n] are all λ-bounded.

Suppose now that X ��∼loc �� Y is given, and choose a λ-bounded sub-
presheaf Z ⊆ Y. By applying the functor Ex∞, we may assume that all
simplicial presheaves in sight are locally fibrant. The proof of P7 proceeds by
constructing inductively a sequence of λ-bounded subobjects

W0 := Z ⊆ W1 ⊆ W2 · · ·

such that, for each X ∈ Sm/k, all local lifting problems of the form

∂∆n ��
� �

��

Wi ∩ X (X)

��
∆n �� Wi(X)
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have solutions over Wi+1. Such a local lifting problem amounts to an element
e in a relative local homotopy group πloc

n (Wi ∩ X ,Wi). This element maps
to zero in πloc

n (X ,Y). Since local homotopy groups commute with filtered
colimits, and since Y is the filtered colimit of its λ-bounded subobjects by
assumption on λ, there exists a λ-bounded subobject We

i such that e maps
to zero in the group πloc

n (We
i ∩ X ,We

i ). The relative local homotopy group
πloc

n (Wi∩X ,Wi) is λ-bounded as well, thus Wi+1 is the union of all the We
i ’s.

This completes the inductive step.
Set W : = ∪Wi, which is again λ-bounded. It follows, using properties of

morphisms having the local right lifting property with respect to the inclusions
∂∆n ⊆ ∆n, that there is a local weak equivalence

W ∩X ��∼loc �� W .

This finishes the sketch proof of P7.
In the statement that the local injective model structure is simplicial, we

made implicitly use of the fact that the presheaf category ∆opPreNis(Sm/k)
is enriched in the category of simplicial sets. The simplicial structure of a
function complex

hom(X ,Y)

is determined by

hom(X ,Y)n := ∆opPreNis(Sm/k)(X × ∆[n],Y) .

As a simplicial presheaf, the tensor object

X × ∆[n]

is given by

(X × ∆[n])(X) := X (X) × ∆[n] .

Pointed function complexes and tensor objects are defined similarly making
pointed simplicial presheaves into a category enriched in pointed simplicial
sets.

Proof. (Theorem 5.16). In the lectures [Lev] we learned that small limits and
small colimits exist for the presheaf category PreNis(Sm/k). Hence, the limit
axiom M1 holds for ∆opPreNis(Sm/k) [Dun]. We have already noted that the
two out of three axiom M2 holds for the class of local weak equivalences.

The retract axiom M3 holds trivially for both local weak equivalences and
cofibrations. Global fibrations are defined by the right lifting property with
respect to trivial cofibrations; using this, it follows that global fibrations are
closed under retracts.
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Consider the lifting axiom M4. In our case, global fibrations are rigged so
that the right lifting property part of M4 holds. For the part of M4 which is
not true by definition, consider the diagram where i is a cofibration and p is
a trivial global fibration:

X ′ ��
��

��

X
∼loc

����
Y ′ ��

���
�

�
�

Y
We want to prove that the indicated filler exists. In the following, let us assume
the factorization axiom M5 holds for the canonical morphism

Y ′ ∪X ′ X �� Y .

With this standing assumption, we obtain the commutative diagram:

X ′ ��
��

��

X
��

i

��

��
∼loc

ji
����������� X

∼loc

����

Z

���
�

�
�

∼loc 		 		�
��

��
��

�

Y ′ ∪X ′ X ��




j


��������

Y

Y ′



���������

������������������������������

Concerning this diagram we make two remarks:

(i) Note that ji is a cofibration being the composition of the cofibrations.
(ii) Commutativity implies there is a local weak equivalence

X �� i �� Y ′ ∪X ′ X �� Y .

Hence, there is a local weak equivalence

X �� ji �� Z ��∼loc �� Y .

Thus ji is a trivial cofibration according to M2.

We conclude that the filler with source Z exists rendering the diagram
commutative. This uses the definition of global fibrations in terms of the
right lifting property with respect to trivial cofibrations. Note that the above
immediately solves our original lifting problem. At this stage of the proof, we
have not used the properties P4–P7.
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The serious part of the proof is to prove the factorization axiom M5.
Consider an infinite cardinal λ as in P7. We claim that a morphism

X �� Y

is a global fibration if it has the right lifting property with respect to all trivial
cofibrations with λ-bounded targets. In other words, for morphisms as above,
we claim there exists a filler in every commutative diagram of the form:

X ′ ��
��

∼loc

��

X

��
Y ′ ��

���
�

�
�

Y

Here, we may of course assume that the left vertical morphism is not an
isomorphism. In effect, there exists a λ-bounded subobject Z of Y ′ which is
not a subobject of X ′. By property P7, there exists a λ-bounded subobject
W of Y ′ containing Z, and a diagram:

W ∩X ′ ��
��

∼loc

��

X ′ ��
��

∼loc

��

X

��

W �� W ∪X ′

���
�

�
�

�

��
Y ′ �� Y

Concerning this diagram we make two remarks:

(i) Property P4 implies the trivial cofibration

X ′ ��∼loc �� W ∪X ′ .

(ii) By the assumption on the right vertical morphism, the partial filler exists.

Consider now the inductively ordered non-empty category of partial lifts
where we assume X ′ �= X ′′:

X ′ ��




∼loc



��
��

��
���

∼loc

��	
		

		
		

		
		

		
	

X

��

X ′′

��









��
Y ′ �� Y
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From P5 and Zorn’s lemma, there exists at least one maximal partial lift
X ′′ �� Y ′. Maximality implies X ′′ = Y ′. This solves our lifting problem.

So far, we have made the key observation that morphisms having the right
lifting property with respect to all trivial cofibrations with λ-bounded targets
are global fibrations. The converse statement holds by definition of global
fibrations. We recall from [Dun] that – in more technical terms – this means
there exists a set of morphisms, called generating trivial cofibrations, which
detects global fibrations. Alas, the argument gives no explicit description of
the generators.

We can now set out to construct factorizations of the form:

X
f ��

���
��

��
��

���
∼loc

if ���
��

��
��

Y

Zf

pf

�� ����������

The proof is a transfinite small object argument.
Given a cardinal β > 2λ we define inductively a functor

F : β �� ∆opPreNis(Sm/k) ↓ Y ,

by setting

(i) F (0) : = f and X(0) = X ,
(ii) For a limit ordinal ζ,

X (ζ) : = colim
γ<ζ

X (γ) .

Transitions morphisms are obtained via pushout diagrams

∐
D ZD

∐
D iD ��

��

∐
D WD

��
X (γ) �� X (γ + 1)

indexed by the set of all diagrams D where the left vertical morphism is a
λ-bounded trivial cofibration:

ZD
��∼loc ��

��

WD

��
X (γ) �� Y

We note the following trivial cofibrations:
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(i) Property P6 implies

∐
D iD :

∐
D ZD

��∼loc �� ∐
D WD .

(ii) Part (i) and P4 imply

X (γ) ��∼loc �� X (γ + 1) .

Using these constructions, we may now consider the induced factorization:

X

i(β)
����

��
��

��
��

�
�� Y

colim
γ<β

X (γ)

F (β)

�������������

Property P5 lets us conclude that the first morphism in the factorization is a
trivial cofibration.

For the second morphism, one has to solve lifting problems of the form

X ′ ��
��

∼loc

��

colim
γ<β

X (γ)

F (β)
��

Y ′ ��

��

Y

where the left vertical morphism is λ-bounded. To obtain the lifting, note
that since β > 2λ, the upper horizontal morphism factors through some lower
stage X (γ) of the colimit.

It remains to prove the second part of the factorization axiom M5.
Functorial factorization in the model structure on simplicial sets allows us to
factor any morphism in the presheaf category

X �� Y

into a cofibration and a schemewise weak equivalence

X �� �� Z ∼sch �� Y .

If we factor the schemewise weak equivalence into a trivial cofibration and a
fibration, we obtain a commutative diagram:

X �� �� Z ∼sch ��
��

∼loc

��












Y

W

�� ���������

The only comments needed here are:
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(i) There is a cofibration obtained by composition of morphisms

X �� �� W .

(ii) There is a local weak equivalence obtained by P2 and P3

W ∼loc �� Y .

Hence items (i) and (ii) imply the desired factorization

X �� �� W ∼loc �� �� Y .

An alternate and more honest way of proving the second part of M5 resembles
the transfinite small object argument given in the first part. This implies that
there exists a set of generating cofibrations.

For the second part of M5, we note a stronger type of factorization result:
Given a presheaf morphism

X �� Y ,

there exists a factorization

X �� �� W ∼sch �� �� Y .

Consider Sm/k in the indiscrete topology, i.e. the only covering sieves are
maximal ones [Lev]. One can construct the local injective model structure
for the indiscrete topology. This is a simplicial cofibrantly generated model
structure on ∆opPreNis(Sm/k) where the weak equivalences are schemewise
weak equivalences and cofibrations are monomorphisms. We refer to it as the
injective model structure.

Applying M5 in the injective model structure to the morphism

Z ∼sch �� Y ,

yields the factorization:

Z ∼sch ��
��

∼sch

��












Y

W

�� ���������

Since M2 holds for schemewise weak equivalences, we immediately obtain the
refined form of factorization in the local injective model structure.

Left properness is the assertion that local weak equivalences are preserved
under pushouts along cofibrations:
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X
��

��

∼loc

⇓
�� Y

��
Z ∼loc �� Z ∪X Y

All objects are cofibrant in the local injective model structure. Since in any
model category, pushouts of weak equivalences between cofibrant objects along
cofibrations are weak equivalences [Hov99, Cube Lemma 5.2.6], left properness
follows.

Right properness is the assertion that local weak equivalences are preserved
under pullbacks along global fibrations:

X ×Y Z ∼loc ��

��

Z

����
X

⇑
∼loc �� Y

However, even a stronger property holds, because local weak equivalences are
closed under pullback along local fibrations. The reason is that pullbacks com-
mute with filtered colimits, which implies that it suffices to consider pullback
diagrams of the form:

X ×Y Z(Oh
X,x) ∼ ��

��

Z(On
X,x)

����
X (Oh

X,x) ∼ �� Y(Oh
X,x)

The result follows because the category of simplicial sets is right proper. �

Making analogous definitions of local weak equivalences, monomorphisms
and global fibrations for simplicial sheaves, we infer that there exists a local
injective model structure for spaces. The proof consists mostly of repeating
arguments we have seen in the simplicial presheaf setting. Details are left to
the reader.

Theorem 5.19 The classes of local weak equivalences, monomorphisms and
global fibrations define a proper, simplicial and cofibrantly generated model
structure for simplicial sheaves on the smooth Nisnevich site of k.

Existence of local injective model structures on the categories of pointed sim-
plicial presheaves and pointed simplicial sheaves follow immediately from ex-
istence of the respective local injective model structures on ∆opPreNis(Sm/k)
and ∆opShvNis(Sm/k).

A globally fibrant model for a simplicial presheaf X consists of a local
weak equivalence
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X �� GX ,

where GX is globally fibrant. We have seen that globally fibrant models are
well-defined up to schemewise weak equivalence. Globally fibrant models exist,
and can be chosen functorially, because of the factorization axiom M5. Note,
however, that the morphism from X to GX is not necessarily a cofibration,
so that we will not be tied down to any particular choice of GX . The letter G
stands for ‘global’ or for ‘Godement’ in the civilized example of the smooth
Nisnevich site of k where Godement resolutions yield globally fibrant models.
Globally fibrant models in the simplicial sheaf category are defined similarly.
Note that a globally fibrant simplicial sheaf is globally fibrant in the simplicial
presheaf category.

Exercise 5.20 Nisnevich descent holds for any globally fibrant simplicial
sheaf. (Hint: Use the characterization of sheaves in the Nisnevich topology,
see 5.3.)

We may reformulate the Nisnevich descent Theorem 5.13 in terms of glob-
ally fibrant models.

Theorem 5.21 A simplicial presheaf X satisfies Nisnevich descent on Sm/k
if and only if any globally fibrant model GX is schemewise weakly equivalent
to X .

Proof. We consider the commutative diagram obtained by sheafifying:

X aNis ��

��

aNisX

��
GX GaNis �� GaNisX

All morphisms are local weak equivalences. In addition, GaNis is a schemewise
weak equivalence, since locally weakly equivalent globally fibrant models are
schemewise weakly equivalent. Exercise 5.20 implies, since GaNisX is a sheaf,
that GX satisfies Nisnevich descent.

Theorem 5.13 implies, provided Nisnevich descent holds for X , that there
is a schemewise weak equivalence

X ∼sch �� GX .

Conversely, if X is schemewise weakly equivalent to any of its globally
fibrant models; which we have already shown satisfies Nisnevich descent, it
follows easily that X satisfies Nisnevich descent. �

The model structure we shall discuss next is the A
1- or motivic model

structure introduced by Morel-Voevodsky [MV99]. Precursors are the local
injective model structure and localization techniques developed in algebraic
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topology. What results is a homotopy theory having deep connections with
algebraic geometry.

The motivic model structure arises as the localization theory obtained
from the local injective model structure by “formally inverting” any rational
point of the affine line

∗ �� A1
k .

Since any two rational points correspond to each other under k-automorphisms
of A

1
k, it suffices to consider the zero section 0: Spec(k) → A

1
k. Getting the

motivic theory off the ground involves to a great extend manipulations with
function complexes of simplicial presheaves. The main innovative idea is now
to replace the local weak equivalences by another class of simplicial presheaf
morphisms making the affine line contractible, which we will call motivic weak
equivalences, and prove properties P1-P7 for the motivic weak equivalences.
With this input, proceeding as in the construction of the local injective model
structure, we get a new cofibrantly generated model structure for simplicial
presheaves ∆opPreNis(Sm/k). This is the motivic model structure.

Definition 5.22 The classes of motivic weak equivalences and fibrations are
defined as follows.

(i) A simplicial presheaf Z is motivically fibrant if it is globally fibrant and
for every cofibration

X �� �� Y ,

the canonical morphism from Z to ∗ has the right lifting property with
respect to all presheaf inclusions

(X × A
1
k) ∪X Y �� �� (Y × A

1
k)

induced by the zero section of the affine line.
(ii) A simplicial presheaf morphism

X �� Y

is a motivic weak equivalence if for any motivically fibrant simplicial
presheaf Z there is an induced weak equivalence of simplicial sets

hom(Y,Z) �� hom(X ,Z) .

(iii) A simplicial presheaf morphism is a motivic fibration if it has the right
lifting property with respect to morphisms which are simultaneously mo-
tivic weak equivalences and monomorphisms.

The lifting property in item (i) is equivalent to having a trivial global
fibration

Hom(A1
k,Z) ∼loc �� �� Hom(∗,Z) .
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Note that the above morphism is always a global fibration.
It follows that a globally fibrant simplicial presheaf Z is motivically fibrant

if and only if all projections

A
1
X

�� X

induce weak equivalences of simplicial sets

Z(X) ∼ �� Z(A1
X) .

In general, there is no explicit description of motivic fibrations.
The following are examples of motivic weak equivalences:

X × ∗ �� X × A
1
k ,

(X × A
1
k) ∪(X×∗) (Y × ∗) �� �� (Y × A

1
k) .

Every local weak equivalence is a motivic weak equivalence for trivial reasons.

Exercise 5.23 Show that a vector bundle p : X �� Y in Sm/k is a mo-
tivic weak equivalence. Proceed by induction on the number of elements in an
open cover of Y which trivializes p.

Theorem 5.24 There exists a functor

L : ∆opPreNis(Sm/k) �� ∆opPreNis(Sm/k) ,

and a monomorphism of simplicial presheaves

ηX : X �� L(X )

such that the following holds:

(i) L(X ) is motivically fibrant.
(ii) For every motivically fibrant Z, there is an induced weak equivalence of

simplicial sets

hom(L(X ),Z) ∼ �� hom(X ,Z) .

In the construction of the functorial motivic fibrant replacement functor L,
we shall make use of the fact that there exists a continuous functorial fibrant
replacement functor LG in the local injective model structure [GJ98]. That
LG is continuous simply says that the natural maps of hom-sets extend to
natural maps of hom-simplicial sets

LG : hom(X ,Y) �� hom(LGX ,LGY)

which are compatible with composition.
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Let I be the set of simplicial presheaf morphisms

X × hX∆[n] ∪X×Z Y × Z � � �� Y × hX∆[n] .

A typical element in I will be denoted

Cα
� � �� Dα .

Choose a cardinal β > 2λ. Then the first step in the construction of L is
setting

L0X : = LGX .

At a limit ordinal ζ < β, set

LζX : = LG(colim
γ<ζ

LγX ) .

At successor ordinals, consider the pushout diagram
∐

α∈I Cα × hom(Cα,LζX ) ��

��

LζX

��∐
α∈I Dα × hom(Cα,LζX ) �� PILζX

and set

Lζ+1X : = LG(PILζX ) .

These constructions give the natural definition

LX : = colim
ζ<β

LζX .

Recall that we choose β > 2λ so that any morphism with target LX factors
through some LζX . On account of this observation, we leave it as an exercise
to finish the proof of 5.24.

We have the following characterizations of motivic weak equivalences.

Lemma 5.25 The following assertions are equivalent.

(i) There is a motivic weak equivalence

X ∼mot �� Y .

(ii) For every motivically fibrant simplicial presheaf Z, there is an isomor-
phism in the local injective homotopy category

Ho∆opPreNis(Sm/k)∼loc(Y,Z)
∼= �� Ho∆opPreNis(Sm/k)∼loc(X ,Z) .
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(iii) There is a local weak equivalence

L(X ) ∼loc �� L(Y) .

Proof. Recall that motivically fibrant objects are in particular globally fibrant,
so that (i) implies (ii).

Let Z be motivically fibrant. By abstract homotopy theory there is an
isomorphism in the local injective homotopy category between

Ho∆opPreNis(Sm/k)∼loc(X ,Z) ,

and
Ho∆opPreNis(Sm/k)∼loc(L(X ),Z) .

When (ii) holds, this implies an isomorphism

Ho∆opPreNis(Sm/k)∼loc(L(Y),Z)
∼= �� Ho∆opPreNis(Sm/k)∼loc(L(X ),Z) .

Theorem 5.24 shows that L(X ) and L(Y) are motivically fibrant; this implies
an isomorphism in the local injective homotopy category

L(X )
∼= �� L(Y) .

The latter is equivalent to (iii).
When (iii) holds, (i) follows by contemplating the simplicial set diagram:

hom(L(Y),Z) ∼ ��

∼
��

hom(Y,Z)

��
hom(L(X ),Z) ∼ �� hom(X ,Z)

The horizontal morphisms are weak equivalences according to Theorem 5.24.
Our assumption implies without much work that the left vertical morphism
is a weak equivalence. �

We are ready to state the existence of the motivic model structure.

Theorem 5.26 The classes of motivic weak equivalences, motivic fibrations
and monomorphisms define a proper, simplicial and cofibrantly generated
model structure for simplicial presheaves on the smooth Nisnevich site of k.

The proof of 5.26 follows the same script as we have seen for the local
injective model structure. Properties P1-P7 are shown to hold for the class
of motivic weak equivalences rather than the class of local weak equivalences.
Note that P1-P3 hold trivially, while P4-P6 follow from 5.25 using that trivial
fibrations of simplicial sets are closed under base change. Finally, the proof
of P7 follows the sketch proof of the same property in the local injective
structure, using the motivic fibrant replacement functor [GJ98, 4.7].
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Remark 5.27 In the Morel-Voevodsky paper [MV99] the notions of left and
right proper model structures are reversed. However, proper model structure
means the usual thing.

In the following, we discuss the motivic model structure for the category
of spaces Spc(k), i.e. simplicial sheaves on the smooth Nisnevich site of k.

A morphism in Spc(k) is a motivic weak equivalence if it is a motivic weak
equivalence in the simplicial presheaf category. Motivic fibrations are defined
similarly. The cofibrations are the monomorphisms.

Concerning sheafified simplicial presheaves and local weak equivalences,
there is the following useful result.

Lemma 5.28 Suppose that X is a simplicial presheaf and Y is a simplicial
sheaf. Then

X �� Y
is a local weak equivalence if and only if the same holds true for the morphism

aNisX �� Y .

We note the local weak equivalence

X ∼loc �� aNisX .

Since the Nisnevich sheafification functor is idempotent up to isomorphism
[Lev], an easy consequence of Lemma 5.28 is that any simplicial presheaf is
both local and motivic weakly equivalent to its sheafification.

Exercise 5.29 Show that a morphism between simplicial sheaves is a motivic
fibration if and only if it has the right lifting property with respect to motivic
trivial cofibrations of simplicial sheaves.

Theorem 5.30 Let Spc(k) be the category of simplicial Nisnevich sheaves on
Sm/k.

(i) Motivic weak equivalences, motivic fibrations and cofibrations define a
proper, simplicial and cofibrantly generated model structure on Spc(k).

(ii) The Nisnevich sheafification functor induces a Quillen equivalence

∆opPreNis(Sm/k)∼mot
��
∆opShvNis(Sm/k)∼mot.��

Proof. The limit axiom M1 holds for simplicial sheaves, see e.g. [Lev]. The
two out of three axiom M2 and the retract axiom M3 follow immediately
since the corresponding statements hold for simplicial presheaves.

Exercise 5.29 shows that the right lifting property part of axiom M4 holds.
Given the motivic model structure for simplicial presheaves, the second part
of the lifting axiom M4 holds tautologically.
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Let X → Y be a morphism in the simplicial sheaf category. We consider
the motivic trivial cofibration and motivic fibration factorization part of M5.
The motivic model structure shows there is a simplicial presheaf Z together
with morphisms having the required factorization in the simplicial presheaf
category. Since Y is a simplicial sheaf, we may sheafify Z, and employ axiom
M5 for the local injective model structure for the simplicial sheaf category.
This gives the diagram:

X ��
��

∼mot

����
��

��
��

Y

Z �� ∼loc ��

mot
�� �����������

��
∼loc

��

W

loc

����

aNisZ
��

∼loc

����������

From the above diagram, we deduce:

(i) There is a motivically trivial cofibration of simplicial sheaves

X ��∼mot �� W .

(ii) To obtain the factorization, it suffices to show that the global fibration
between W and Y is a motivic fibration.

As objects of the site ∆opPreNis(Sm/k) ↓ Y, note that Z and W are both
cofibrant and globally fibrant. We claim that a local weak equivalence between
globally fibrant simplicial presheaves is a schemewise weak equivalence. In
fact, a standard trick in simplicial homotopy theory shows the morphism in
question is a homotopy equivalence. A global fibration of simplicial sheaves is
also a global fibration of simplicial presheaves, and whether a global fibration
of simplicial presheaves is also a motivic fibration can be tested schemewise.
This implies the statement in (ii).

For the second half of axiom M5, we proceed as above by forming the
diagram:

X ��
��

����
��

��
��

Y

Z �� ��

∼mot
�� �����������

��
∼loc

��

W

∼loc

����

aNisZ
��

����������

We want to show that the morphism between W and Y is a motivic fibration.
Since the morphism between Z and Y is a motivic fibration of simplicial
presheaves, we may conclude by noting that the motivic trivial cofibration
between Z and W is a schemewise weak equivalence.
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The right adjoint in the adjunction (ii) preserves motivic fibrations and
trivial motivic fibrations. Hence we are dealing with a Quillen pair. To show
that Nisnevich sheafification is a left Quillen equivalence, let X be a simplicial
presheaf, Y a motivically fibrant simplicial sheaf, and Z a motivically fibrant
simplicial presheaf. We claim that a morphism in ∆opPreNis(Sm/k)∼mot, say

X �� Y (21)

is a motivic weak equivalence if and only if Nisnevich sheafification yields a
motivic weak equivalence of simplicial sheaves

aNisX �� Y . (22)

In effect, Lemma 5.28 shows that the canonical map

X �� aNisX (23)

is a local weak equivalence, hence a motivic weak equivalence. This implies the
claim. Moreover, a more refined result holds. Assuming the morphism in (21)
is a motivic weak equivalence, we have the diagram of function complexes:

hom(Y,Z) ��

∼

�������������
hom(aNisX ,Z)

hom(X ,Z)

∼
��������������

(24)

Now we use the following facts: The local injective model structure is simpli-
cial, every simplicial presheaf is cofibrant in the local injective model structure,
the morphism in (23) is a local weak equivalence, and finally Z is globally fi-
brant. Then, by a standard result in homotopical algebra, we get the second
weak equivalence indicated in (23). We have just shown for every motivically
fibrant simplicial presheaf Z that there is a weak equivalence

hom(Y,Z) �� hom(aNisX ,Z) .

In particular, the morphism in (22) is a motivic weak equivalence.
Clearly, the motivic model structur is left proper. For right properness,

consider Exercise 5.34. �

Analogously to the work in this section, one shows there exist motivic
model structures on the categories of pointed simplicial presheaves and
pointed simplicial sheaves on the smooth Nisnevich site of k. The relevant
morphisms may be defined via forgetful functors to the unpointed categories.

We will need the following consequences of Nisnevich descent.

Lemma 5.31 Consider morphisms of motivically fibrant simplicial presheaves

X0
�� X1

�� X2
�� · · · .
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(i) Any globally fibrant model

colim
n∈N

Xn
��
G colim

n∈N

Xn

is motivically fibrant.

(ii) Any motivically fibrant model

colim
n∈N

Xn
�� X

is a schemewise weak equivalence.

Proof. Nisnevich descent 5.21 shows that the morphism in (i) is a schemewise
weak equivalence. The weak equivalences of simplicial sets

Xn(X) �� Xn(X ×k A
1
k)

induced from the projection map X ×k A
1
k → X induce weak equivalences in

the filtered colimit. This implies (i). Item (ii) follows directly from (i). �

We will briefly discuss the notion of ‘motivic flasque simplicial presheaves’.
Such presheaves occupy a central role in the motivic stable theory presented
here. Another motivation is that, based in this notion, Isaksen has constructed
motivic flasque model structures for simplicial presheaves [Isa04]. First, we
shall recall the notion of flasque presheaves. This goes back to the pioneering
work of Brown and Gersten on flasque model structures for simplicial sheaves
[BG73]. Recently, Lárusson worked in this theme in [Lár04], demonstrating
the applicability of abstract homotopy theoretic methods in complex analysis.

A simplicial presheaf X of Kan complexes is flasque if every finite collection
of subschemes Xi of a scheme X induces a Kan fibration

hom(X,X ) �� hom(∪Xi,X ) .

The union is formed in the presheaf category, i.e. ∪Xi is the coequalizer of
the diagram of representable presheaves

∐
i,j Xi ×X Xj

����
∐

i Xi .

There is a canonical monomorphism from ∪Xi to X. In particular, the empty
collection of subschemes of X induces the morphism

hom(X,X ) �� hom(∅,X ) .

The class of flasque simplicial presheaves is closed under filtered colimits.
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Example 5.32 Globally fibrant simplicial presheaves are flasque.

Pointed simplicial presheaves X and Y have an internal hom

Hom∗(X ,Y) .

In X-sections there is the defining equation

Hom∗(X ,Y)(X) = hom∗(X|X,Y|X) .

Here, the simplicial presheaf X|X is the restriction of X to the site Sm/k ↓ X
along the forgetful functor Sm/k ↓ X → Sm/k. For objects X and Y of Sm/k
there is a natural isomorphism

Hom∗(X,Y)(Y ) ∼= Y(X ×k Y ) .

Since the Tate sphere T is the quotient A
1
k/(A1

k � {0}), it follows that the
internal hom Hom∗(T,X ) sits in the pullback square where the right vertical
morphism is induced by the inclusion:

Hom∗(T,X )

��

�� Hom(A1
k,X )

��
∗ �� Hom((A1

k � {0}),X ) .

Jardine uses this fact to prove that when X is flasque, then so is the internal
hom Hom∗(T,X ), and moreover, that Hom∗(T,−) preserves filtered colimits
of simplicial presheaves, and schemewise weak equivalences between flasque
simplicial presheaves [Jar00, §1.4].

A flasque simplicial presheaf X is motivically flasque if for all objects
X ∈ Sm/k the projection

X ×k A
1
k

�� X

induces a weak equivalence of simplicial sets

X (X) �� X (X ×k A
1
k) .

If X is motivically flasque, we have noted that Hom∗(T,X ) is flasque;
to see that Hom∗(T,X ) is motivically flasque, it remains to show homotopy
invariance. For every X ∈ Sm/k we have the fiber sequence

Hom∗(T,X )(X) �� X (X ×k A
1
k) �� X (X ×k (A1

k � {0})) .

Comparing with the corresponding fiber sequence for X ×k A
1
k, it follows that

Hom∗(T,X ) is homotopy invariant.
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The next lemma summarizes some properties of the internal hom functor
Hom∗(T,−).

Lemma 5.33 The Tate sphere satisfies the following properties.

(i) For sequential diagrams of pointed simplicial presheaves, we have

Hom∗(T, colim
n∈N

Xn) ∼= colim
n∈N

Hom∗(T,Xn) .

(ii) If X is motivically flasque, then so is the internal hom Hom∗(T,X ).

(iii) Hom∗(T,−) preserves schemewise equivalences between motivic flasque
simplicial presheaves.

That the Tate sphere is ‘compact’ refers to the combination of all the
properties listed in 5.33.

Modern formulations of homotopical algebra allow for different approaches
to the local injective and motivic model structures. One of these approaches
is via Bousfield localization. In the context of cellular model categories, the
authorative reference on this subject is Hirschhorn’s book [Hir03]. The notion
of combinatorial model categories, as introduced by Jeff Smith [Smi], provide
acceptable inputs for Bousfield localization. A model category is combinatorial
if the model structure is cofibrantly generated, and the underlying category is
locally presentable. This makes it quite plausible that all the model structures
on simplicial presheaves on the smooth Nisnevich site of k that we discussed
are indeed combinatorial. Starting with the schemewise model structure, with
schemewise weak equivalences and schemewise cofibrations, the local and the
motivic model structure can be constructed using Bousfield localizations. In
general, right properness is not preserved under Bousfield localization of model
structures. However, the motivic model structure is right proper.

Exercise 5.34 Compare the proofs of right properness of the motivic model
structure in [Jar00, Appendix A] and [MV99, Theorem 2.7].

This finishes our synopsis of basic motivic unstable homotopy theory.

5.3 Model Structures for Spectra of Spaces

This section deals with the nuts and bolts of the model structures underlying
the motivic stable homotopy theory introduced by Voevodsky [Voe98].

The original reference for the material presented in this section is [Jar00].
We will not attempt to cover the motivic symmetric spectra part of Jardine’s
paper. The main point of working with the category of motivic symmetric
spectra is that it furnishes a model category for the motivic stable homotopy
theory with an internal symmetric monoidal smash product. These issues,
and some other deep homotopical structures, are discussed from an enriched
functor point of view in [Dun]. Using a Quillen equivalent model structure
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for the motivic unstable homotopy category, Hovey [Hov01] constructed a
model structure similar to the one we will discuss here. A major difference
between the approaches in [Hov01] and in [Jar00] is that Hovey does not use
the Nisnevich descent theorem in the construction of the model structure.
At any rate, using the internal smash product for symmetric spectra and
comparing with ordinary spectra, it follows without much fuss that SH(k)
has the structure of a closed symmetric monoidal and triangulated category.
The homotopy categories SHs(k) and SHA

1

s (k) acquire the exact same type of
structure.

First, we discuss the level model structures, and second the stable model
structure. There are two level model structures. These structures share the
same class of weak equivalences, but their classes of cofibrations and fibrations
do not coincide. This is reminiscent of the situation with different models
for the motivic unstable homotopy category. The interplay between the level
models are important for the construction of the more interesting stable model
structure, whose associated homotopy category is the motivic stable homotopy
category.

The motivic spectra we consider are suspended with respect to the Tate
sphere T , i.e. sequences of pointed simplicial presheaves E = {En}n≥0 on the
smooth Nisnevich site of k together with structure maps

σ : T ∧ En
�� En+1 .

The usual compatibility conditions are required for morphisms of motivic
spectra. Note that, in the smash product, the Tate sphere is placed on the
left hand side.

An optimistic, but homotopy theoretic correct definition of the smash
product of two motivic spectra is given by

(E ∧ E′)n : =

{
Ei ∧ E ′

i n = 2i,

T ∧ (Ei ∧ E ′
i) n = 2i + 1.

In even degrees, the structure map is the identity, while in degrees n = 2i + 1
one makes the choice

T ∧ (T ∧ (Ei ∧ E ′
i))

∼= �� (T ∧ Ei) ∧ (T ∧ E ′
i)

σ∧σ′
�� Ei+1 ∧ E ′

i+1 .

Then the following diagram commutes, where, up to sign, the left vertical
twist isomorphism is homotopic to the identity:
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T ∧ (T ∧ (Ei ∧ E ′
i))

∼= (12)

��

∼=
(23)

�� (T ∧ Ei) ∧ (T ∧ E ′
i) �� (T ∧ Ei) ∧ E ′

i+1

��

T ∧ (T ∧ (Ei ∧ E ′
i))

T ∧ ((T ∧ Ei) ∧ E ′
i)

��
T ∧ (Ei+1 ∧ E ′

i)
∼= �� Ei+1 ∧ (T ∧ E ′

i) �� Ei+1 ∧ E ′
i+1

It follows that the suggested smash product of spectra is neither associative
nor commutative before passing to the homotopy category. Hence, the smash
products and actions are only given up to homotopy. See also Remark 2.14.

There are some set theoretic problems involved in inverting a class of
morphisms in a category. Once the model structure has been constructed, we
may define the motivic stable homotopy category. Quillen’s theory of model
structures, or homotopical algebra, provides the foundation for any treatment
of motivic stable homotopy theory.

In the motivic levelwise model structures, the weak equivalences are lev-
elwise motivic weak equivalences. We may choose levelwise cofibrations or
levelwise fibrations. Both choices induce model structures on motivic spectra.

To construct the motivic stable model structure, we employ the T -loops
functor. It is right adjoint to smashing with the Tate sphere functor. This leads
to the process of T -stabilization, and a proof of the model axioms for motivic
spectra which avoids reference to Nisnevich sheaves of homotopy groups. The
cofibrations are defined levelwise. We end the discussion by relating motivic
stable weak equivalences to Nisnevich sheaves of bigraded stable homotopy
groups of (s, t)-spectra, as in Sect. 2.3.

Although the construction of the motivic stable model structure is more
involved, we note that formal techniques originating in the study of spectra
of simplicial sets can be hoisted to motivic spectra. We will make use of the
approach set forth by Bousfield-Friedlander [BF78], and of injective motivic
spectra as a notion for fibrant objects in the motivic level model structure; the
latter uses ideas introduced in the Hovey-Shipley-Smith paper on symmetric
spectra of simplicial sets [HSS00].

From now on, all simplicial presheaves are pointed.

Definition 5.35 A morphism of motivic spectra

E �� E′

is a levelwise equivalence if for every non-negative integer n ≥ 0, there is a
motivic weak equivalence of simplicial presheaves
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En
∼mot �� E ′

n .

Levelwise cofibrations and levelwise fibrations are defined likewise.
A cofibration is a morphism having the left lifting property with respect to

all levelwise equivalences which are levelwise fibrations.
An injective fibration is a morphism having the right lifting property with

respect to all levelwise equivalences which are levelwise cofibrations.

Lemma 5.36 Let n ≥ 1 and consider a morphism of motivic spectra

i : E �� E′ ,

having the additional properties that there are canonically induced cofibrations
of simplicial presheaves on the smooth Nisnevich site of k

E0
�� �� E ′

0 ,

En ∪T∧En−1 T ∧ E ′
n−1

�� �� T ∧ E ′
n.

Then i is a cofibration of motivic spectra.

Proof. Consider the lifting problems where the right hand vertical morphism
in the diagram of motivic spectra is a levelwise equivalence and levelwise
fibration:

E ��

i

��

F

��
E′ ��

s

��

F ′

En
��

in

��

Fn

��
E ′

n
��

sn

��

F ′
n

We construct fillers sn and s by using an induction argument.
If n = 0, then since the right hand vertical morphism is a motivically trivial

fibration and cofibrations in the motivic model structure are monomorphisms,
the filler s0 exists according to axiom M4 for the motivic model structure.

Suppose that the n-th filler sn has been constructed. Then, since we are
dealing with morphisms of spectra, there is the commutative diagram:

T ∧ En

��

�� T ∧ E ′
n

ΣT sn �� T ∧ Fn

��
En+1

�� Fn+1

This allows us to consider the commutative diagram:
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T ∧ En

��

�� En+1

��

�� Fn+1

��

T ∧ E ′
n

�� T ∧ E ′
n ∪T∧En

En+1

�������������������

��

��
E ′

n+1





�� F ′
n+1

Now, the lower central vertical morphism is a cofibration by our assumptions,
which implies, using the argument for n = 0, that the indicated filler exists.
By commutativity of the diagram this morphism is also the n + 1-th filler.

We leave it to the reader to verify the fact that the fillers assemble into a
morphism of motivic spectra. �

Exercise 5.37 With the same notations and assumptions as in the previous
Lemma, show that if the cofibrations of simplicial presheaves are motivic weak
equivalences, then i is a level equivalence and cofibration.

We have collected the crux ingredients needed in the proof of:

Proposition 5.38 The category of motivic spectra together with the classes
of level equivalences, cofibrations, and level fibrations has the structure of a
proper simplicial model category.

The simplicial model structure arises from the smash products E ∧ K,
where K is a pointed simplicial set, and the function complexes hom∗(E,E′)
with n-simplices all morphisms E ∧ ∆[n]−+ → E′. In this definition, we
consider the standard n-simplicial set with an added disjoint base-point as a
constant pointed space.

Suppose we want to factor a morphism of motivic spectra

E �� E′

into a cofibration and a level equivalence, followed by a level fibration.
In level zero, this follows from the motivic model structure.
Assume there exist such factorizations up to level n, and consider the

commutative diagram:

T ∧ En
��

∼mot

��

�� En+1

��
∼mot

��
T ∧ Fn

��

�� T ∧ Fn ∪T∧En
En+1

��∼mot ��

��

Fn+1

mot

�����������������

T ∧ E′
n

�� E′
n+1
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The left vertical cofibration and motivic weak equivalence are both part of the
induction hypothesis. Trivial cofibrations are closed under pushouts in any
model category, so that we get the right vertical cofibration and motivic weak
equivalence. There is a canonical morphism from the pushout to E′

n+1 which
we may factor in the motivic model structure, as depicted in the diagram.
Using 5.36, this clearly produces a motivic spectrum consisting of the Fi’s
together with the factorization we wanted.

Exercise 5.39 Finish the proof of 5.38.

There is the following analogous result involving injective fibrations. We
will not dwell into the details of the proof, which uses a transfinite small
object argument, since the techniques are reminiscent of what we have seen
for simplicial presheaves. The method of proof is to show for motivic spectra
properties analogous of P1-P7.

Proposition 5.40 The category of T -spectra together with the classes of level
equivalences, level cofibrations, and injective fibrations is a proper simplicial
model category.

If X is a simplicial presheaf on Sm/k, its T -loops functor is defined by
setting

ΩTX : = Hom∗(T,X ) .

Taking T -loops is right adjoint to smashing with T .
The T -loops ΩT E of a motivic spectrum E is defined by setting

(ΩT E)n : = ΩTEn

= Hom∗(T, En) .

The structure maps

σT : T ∧ (ΩT E)n
�� (ΩT E)n+1

are defined, and this is a possible source for confusion, by taking the adjoint
of the composite morphism

T ∧ ΩTEn ∧ T �� T ∧ En
�� En+1 .

The T -loops functor
E

� �� ΩT E

is right adjoint to smashing with the Tate sphere on the right

E
� �� E ∧ T .

This gives an alternate way of describing the structure maps of ΩT E by taking
adjoints
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σ∗
T : En

�� Hom∗(T, En+1) .

There is another functor Ω�
T which Jardine calls the ‘fake T -loop functor’

[Jar00]. By definition, there is the T -spectrum

(ΩT E)n = (Ω�
T E)n ,

with structure maps adjoint to the morphisms obtained by applying ΩT to
σ∗

T . That is,

ΩT (σ∗
T ) : ΩT (En) �� ΩT (Hom∗(T, En+1)) .

The reason for the letter � is that the fake T -loops functor

E
� �� Ω�

T E

is right adjoint to smashing with the Tate sphere on the left

E
� �� T ∧ E ,

where σT∧E
n = T ∧ σE

n .
Suppose that m is an integer and E is a motivic spectrum. Then a shifted

motivic spectrum E[m] is obtained, in the range where it makes sense, by
setting

E[m]n : =

{
Em+n m + n ≥ 0,

∗ m + n < 0.

The structure maps are reindexed accordingly. Note that E[m] gives iterated
suspensions when m is positive, and iterated loops when m is negative.

Exercise 5.41 Let E be a motivic spectrum. Is it true that the morphisms

(E ∧ T )n = En ∧ T
∼= �� T ∧ En → En+1 = E[1]n

form a morphism of motivic spectra between E ∧ T and E[1]?

The case m = 1 is particularly important because the morphisms σ∗
T

determine a morphism of motivic spectra

σ∗
T : E �� Ω�

T E[1] .

By iterating the above, as many times as there are natural numbers, we get
the sequence

E
σ∗

T �� Ω�
T E[1]

Ω�
T σ∗

T [1] �� (Ω�
T )2E[2]

(Ω�
T )2σ∗

T [2] �� · · · . (25)
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Let QT E denote the colimit of the diagram (25), and consider the canonically
induced morphism

ηE : E �� QT E

The functor QT is called the stabilization functor for the Tate sphere.
We will have occasions to consider the level fibrant model of E obtained

from the motivic levelwise model structure

jE : E �� JE ,

and the composite morphism

η̃E : E
jE �� JE

ηJE �� QT JE .

We are ready to define stable equivalences and stable fibrations.

Definition 5.42 Let
φ : E �� E′

be a morphism of motivic spectra. Then

(i) φ is a stable equivalence if it induces a level equivalence

QT J(φ) : QT JE �� QT JE′ .

(ii) φ is a stable fibration if it has the right lifting property with respect to all
morphisms which are cofibrations and stable equivalences.

A first observation is

Lemma 5.43 Level equivalences are stable equivalences.

Proof. Taking the level fibrant model of a level equivalence yields a level
equivalence between level fibrant motivic spectra. Now, in each level there is
a motivic weak equivalence of motivically fibrant objects, so that a standard
argument for simplicial model categories shows that we are dealing with a
schemewise weak equivalence of motivically flasque objects. We may conclude
since the Tate sphere is compact according to 5.33. �

Lemma 5.43 shows that every stable fibration is a levelwise fibration.
The main theorem in this section is:

Theorem 5.44 The category of motivic spectra together with the classes of
stable equivalences, cofibrations, and stable fibrations forms a proper simplicial
model category.

In the proof, we make use of the following Lemma.

Lemma 5.45 Let E and E′ be motivic spectra.
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(i) A levelwise fibration
φ : E �� E′

is a stable fibration if there is a level homotopy cartesian diagram:

E ��

φ

��

QT JE

QT J(φ)

��
E′ �� QT JE′

(ii) Stable equivalences are closed under pullbacks along level fibrations.
(iii) If E is stably fibrant, then E is level fibrant, and there are schemewise

weak equivalences

σ∗
T : En

�� Hom∗(T, En+1) .

In particular, from (i) and (iii), we note that E is stably fibrant if and only
if E is level fibrant and for all n ≥ 0, there are schemewise equivalences

σ∗
T : En

�� Hom∗(T, En+1) .

Proof. Given 5.43, item (i) follows provided there are levelwise equivalences

QT J(η̃E) = QT J(ηJE) ◦ QT J(jE) : QT JE �� QT J2E �� (QT J)2E

η̃QT JE = ηJQT JE ◦ jQT JE : QT JE �� JQT JE �� (QT J)2E .

Let us consider the first level equivalence. The morphism QT J(jE) is a level
equivalence by construction. To show that QT J(ηJE) is a level equivalence,
we consider the commutative diagram:

QT JE
QT (ηJE) ��

QT (jJE)

��

QT QT JE

QT (jQT JE)

��
QT J2E

QT J(ηJE)�� (QT J)2E

A cofinality argument shows QT (ηJE) is an isomorphism since Hom∗(T,−)
commutes with sequential colimits of pointed simplicial presheaves; cp. 5.33.
Partially by definition, the morphism jJE is a level equivalence which in each
level consists of motivically flasque simplicial presheaves. Lemma 5.33, see (i)
and (ii), shows that stabilizing with respect to the Tate sphere T preserves
this property, so that QT (jJE) is a level equivalence.
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Now the crux of the proof is that Nisnevich descent and compactness of
the Tate sphere imply that the right vertical morphism is a level equivalence,
see 5.31(ii), applied to jQT JE , and 5.33(i), (ii). The above implies that the
composition QT J(η̃E) is a level equivalence.

Next, we consider the second level equivalence. We have already noted the
left vertical schemewise weak equivalence and upper horizontal isomorphism
in the commutative diagram:

(QT JE)n

σ∗
T ��

jQT JE

��

Hom∗(T, (QT JE)n+1)

Hom∗(T,jQT JE)

��
(QT JE)n+1

σ∗
T �� Hom∗(T, (JQT JE)n+1)

Lemma 5.33(i), and (ii) applied to jQT JE implies the level equivalence

ηJQT JE : JQT JX �� QT JQT JX .

This implies the level equivalence η̃QT JE .
Item (ii) follows from properness of the motivic levelwise model structure

with level fibrations, together with a straight-forward argument.
In the proof of (iii), we employ the motivic levelwise model structure with

injective fibrations. There is a natural level cofibration and level equivalence
of motivic spectra

iE : E �� IE,

where IE is injective. Generally, a level equivalence with an injective target
is called an injective model for the source.

Exercise 5.46 Show that a morphism of motivic spectra

φ : E �� E′

is a stable equivalence if and only if it induces a level equivalence

IQT J(φ) : IQT JE �� IQT JE′ .

Show that IQT JE is stably fibrant.

We have shown that the composite morphism

E
jE �� JE

ηJE �� QT JE
iQT JE �� IQT JE
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is a stable equivalence. We may factor the latter morphism into a cofibration,
followed by a level equivalence and level fibration:

E ��

		�
��

��
��

� IQT JE

E′

�����������

(26)

Note that the morphism
E′ �� IQT JE

is a stable fibration because it has the right lifting property with respect to
all cofibrations. Hence E′ is stably fibrant, and there are schemewise weak
equivalences in all levels

σ∗
T : E ′

n
�� Hom∗(T, E ′

n+1).

Moreover, the cofibration in diagram (26) is also a stable equivalence according
to 5.43 and the two out of three property of stable equivalences, so that E is
a retract of E′. The result follows. �

Corollary 5.47 The following hold.

(i) A morphism of motivic spectra is a stable fibration and stable equivalence
if and only if it is a level fibration and a level equivalence.

(ii) Every level fibration between two stably fibrant motivic spectra is a stable
fibration.

Following the script for ordinary spectra, our aim is now to finish the proof
of 5.44. There is really only axiom M5 which requires a comment.

Proof. First, we note that the category of motivic spectra

Spt(∆opPreNis(Sm/k), T )

is bicomplete: If F is a functor from a small category I to motivic spectra,
one puts

(colim
i∈I

F (i))n : = colim
i∈I

(F (i))n,

(lim
i∈I

F (i))n : = lim
i∈I

(F (i))n .

When forming colimits, the structure maps are given by

colim
i∈I

σ : T ∧ (colim
i∈I

(F (i))n) ∼= colim
i∈I

(T ∧ F (i)n) �� colim
i∈I

(F (i)n) .

The isomorphism we use above arises from the canonical morphism from the
colimit of the suspension with T functor to the same functor applied to the
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colimit; since the suspension is a left adjoint – which we have inverted – this is
an isomorphism. When forming limits, the structure maps are defined similarly
using the adjoint structure maps σ∗

T . Axiom M1 for Spt(∆opPreNis(Sm/k), T )
follows immediately.

What remains to be proven is the trivial stable cofibration and stable
fibration part of axiom M5. Let X → Y be a morphism of motivic spectra
and form the commutative diagram:

X ��

������������� IQT JX

����
��

��
��

�

Y ×IQT JY Z ��

������������
Z

����
��

��
��

��

Y �� IQT JY

The right hand side makes use of the cofibration–level equivalence and level
fibration factorization axiom. Then, Z is level fibrant and in each level, the
cofibration–level equivalence is a schemewise equivalence of motivically flasque
simplicial presheaves; it follows that Z is stably fibrant, and the level fibration
is a stable fibration.

Since stable fibrations are closed under pullbacks, Y ×IQT JY Z �� Z is

a stable fibration as well. Via part (ii) of Lemma 5.45 and M2, the morphism
X �� Y ×IQT JY Z is a stable equivalence. Factor this stable equivalence
into a cofibration composed with a level fibration–level equivalence:

X ��

������������� W

Y ×IQT JY Z

�������������

On account of 5.43, the cofibration in the diagram is a stable equivalence.
On the other hand, the level fibration–level equivalence is a stable fibra-
tion according to 5.47. This proves the, in our case, non-trivial part of
axiom M5. �

The same definitions and arguments give the stable model structure for
motivic spectra of spaces. We will leave the analogous formulations for spaces
to the reader.

Finally, we shall interpret stable equivalences in terms of Nisnevich sheaves
of bigraded stable homotopy groups of (s, t)-spectra. The first step is to make
sense of the following statement:
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Lemma 5.48 There is a stable equivalence of motivic spectra

E �� E′

if and only if there is an isomorphism of motivic stable homotopy presheaves

πp,qE ∼= πp,qE
′ .

When E is level fibrant, the starting point for defining motivic stable
homotopy groups is the filtered colimit

En

σ∗
T �� ΩTEn+1

ΩT σ∗
T �� Ω2

TEn+2

Ω2
T σ∗

T �� · · · .

In X-sections, we get the groups πpQTEn(X) defined as the filtered colimit of
the diagram

πp(En)(X)
πp(σ∗

T )(X) �� πp(ΩT En+1)(X)
πp(ΩT σ∗

T )(X)�� πp(Ω2
T En+2)(X) ��πp(Ω2

T σ∗
T )(X)�� · · · .

Passing to the homotopy category associated to the motivic stable model
structure over the scheme X, we can recast the latter as

[Sp
s , En|X] �� [Sp

s ∧ T, En+1|X] �� [Sp
s ∧ T∧2, En+2|X] �� · · · .

Next, we want to rewrite this colimit taking into account the unstable version
of 2.21.

Lemma 5.49 There is a motivic weak equivalence between the Tate sphere T
and the smash product S1

s ∧ S1
t .

Now, working in the homotopy category, so that we no longer need to
impose the fibrancy condition, one obtains an alternative way of considering
the groups in X-sections by taking the filtered colimit of the diagram

[Sp
s , En|X] �� [Sp+1

s ∧ S1
t , En+1|X] �� [Sp+2

s ∧ S2
t , En+2|X] �� · · · .

Definition 5.50 Let E be a motivic spectrum. The degree p and weight q
motivic stable homotopy presheaf πp,qE is defined in X-sections by setting

πp,qE(X) := colim
p,q∈Z

([Sp+n
s ∧ Sq+m

t , En|X] �� [Sp+n+1
s ∧ Sq+m+1

t , En+1|X] · · · ) .

Exercise 5.51 Define

ΩS1
s
(−) : = Hom∗(S1

s ,−) ,

ΩS1
t
(−) : = Hom∗(S1

t ,−) .
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Show the presheaf isomorphisms

πp,qE ∼=






π0Ω
p−q
S1

s
QT (JE[−q])0 p ≥ q ,

π0Ω
q−p
S1

t
QT (JE[−p])0 p ≤ q .

Unraveling the indices, one finds the identification

πp,qE(X) ∼= πp−qQT JE−q(X) . (27)

Next we look into the proof of 5.48.

Proof. A stable equivalence between E and E′ induces for all integers m ∈ Z

the levelwise schemewise weak equivalence

QT JE[m] �� QT JE′[m] .

Hence, in all sections, the induced maps between motivic stable homotopy
groups of E and E′ are isomorphisms (27).

Conversely, if πp,qE and πp,qE
′ are isomorphic presheaves for p ≥ q ≤ 0,

then there is a levelwise weak equivalence

QT JE �� QT JE′ .

This shows that E → E′ is a stable equivalence. �

Because of the motivic weak equivalence between T and S1
s ∧ S1

t , we may
switch between motivic spectra and S1

s ∧ S1
t spectra [Jar00, 2.13]. In other

words, a motivic spectrum consists of pointed simplicial presheaves {En}n≥0

and structure maps
S1

s ∧ S1
t ∧ En

�� En+1 .

Using this description, we shall see that a motivic spectrum E yields an
(s, t)-bispectrum E∗,∗ as discussed in the beginning of Sect. 2.3:

...
...

...

S2
t ∧ E0 S1

t ∧ E1 E2 · · ·
S1

t ∧ E0 E1 S1
s ∧ E2 · · ·

E0 S1
s ∧ E1 S2

s ∧ E2 · · ·

In the s-direction there are structure maps

σs : S1
s ∧ Em,n

�� Em+1,n .

If m ≥ n, we use the identity morphism. If m < n, we use the morphism
obtained from switching smash factors
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S1
s ∧ Sn

t ∧ Em
τ∧1 �� Sn−1

t ∧ S1
s ∧ S1

t ∧ Em
1∧σ �� Sn−1

t ∧ Em+1 .

Similarly, in the t-direction there are structure maps

σs : S1
t ∧ Em,n

�� Em,n+1 .

If m > n, we use the morphism obtained from switching smash factors

S1
t ∧ Sm

s ∧ En
τ∧1 �� Sm−1

s ∧ S1
t ∧ S1

s ∧ En
1∧σ �� Sm−1

s ∧ En+1 .

If m ≤ n, we use the identity morphism.
Associated to an (s, t)-bispectrum E∗,∗, there are presheaves of bigraded

stable homotopy groups πp,qE. In X-sections, one considers the colimit of the
diagram:

...
...

[Sp+m
s ∧ Sq+n+1

t , Em,n+1|X]
(σs)∗ ��

(σt)∗

��

[Sp+m+1
s ∧ Sq+n+1

t , Em+1,n+1|X] ��

(σt)∗

��

· · ·

[Sp+m
s ∧ Sq+n

t , Em,n|X]
(σs)∗ ��

(σt)∗

��

[Sp+m+1
s ∧ Sq+n

t , Em+1,n|X] ��

(σt)∗

��

· · ·

Exercise 5.52 In the above diagram, explain why there is no loss of generality
in assuming that Em,n is motivically fibrant for all m,n ∈ Z.

Explicate the maps (σs)∗ and (σt)∗.

A cofinality argument shows the colimit of the above diagram of X-sections
can be obtained by taking the diagonal and employing the transition maps
(σs)∗ and (σt)∗ in either order. In particular, starting with a motivic spectrum,
its degree p and weight q motivic stable homotopy presheaf is isomorphic to
the bigraded presheaf πp,q of its associated (s, t)-bispectrum.

Lemma 5.48 and the previous observation show that

E �� E′

is a stable equivalence if and only if there is an isomorphism of bigraded
presheaves

πp,qE∗,∗ �� πp,qE
′
∗,∗ .
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The structure maps in the t-direction determine the sequence of morphisms
of s-spectra

E∗,0

(σt)∗ �� ΩS1
t
E∗,1

Ω
S1

t
(σt)∗

�� Ω2
S1

t
E∗,1

Ω2
S1

t
(σt)∗

�� · · · .

The presheaf πp,qE is the filtered colimit of the presheaves in the diagram

sπpΩ
q+n
S1

t
JE∗,n

�� πpΩ
q+n+1
S1

t
JE∗,n+1

�� · · · .

To conclude the discussion of homotopy groups, let E be a motivic spectrum,
and note that a cofinality argument implies there is a natural isomorphism of
bigraded presheaves

πp,qE ∼= πp,qE∗,∗ .
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[DRØ03] B. I. Dundas, O. Röndigs, and P. A. Østvær. Motivic functors. Doc.
Math., 8:489–525 (electronic), 2003.

[Dug01] D. Dugger. Universal homotopy theories. Adv. Math., 164(1):144–176,
2001.

[Dun] B. I. Dundas. Nordfjordeid lectures. In Summer school on motivic homo-
topy theory. This volume.



Voevodsky’s Nordfjordeid Lectures 219

[FS02] E.M Friedlander and A. Suslin. The spectral sequence relating algebraic
K-theory to motivic cohomology. Ann. Sci. Ecole Norm. Sup., 35(6):773–
875, 2002.

[GJ98] P. G. Goerss and J. F. Jardine. Localization theories for simplicial
presheaves. Canad. J. Math., 50(5):1048–1089, 1998.

[Hir03] P. S. Hirschhorn. Model categories and their localizations, vol. 99 of Math-
ematical Surveys and Monographs. American Mathematical Society, Prov-
idence, RI, 2003.

[Hov99] M. Hovey. Model categories. American Mathematical Society, Providence,
RI, 1999.

[Hov01] M. Hovey. Spectra and symmetric spectra in general model categories. J.
Pure Appl. Algebra, 165(1):63–127, 2001.

[HSS00] M. Hovey, B. Shipley, and J. Smith. Symmetric spectra. J. Amer. Math.
Soc., 13(1):149–208, 2000.

[Isa04] D. Isaksen. Flasque model structures for presheaves. UIUC K-theory
Preprint Archives, 679, 2004.

[Jar87] J. F. Jardine. Simplicial presheaves. J. Pure Appl. Algebra, 47(1):35–87,
1987.

[Jar00] J. F. Jardine. Motivic symmetric spectra. Doc. Math., 5:445–553 (elec-
tronic), 2000.

[Jar03] J. F. Jardine. Intermediate model structures for simplicial presheaves.
Preprint, 2003.

[Lár04] F. Lárusson. Model structures and the Oka principle. J. Pure Appl.
Algebra, 192(1–3):203–223, 2004.

[Lev] M. Levine. Nordfjordeid lectures. In Summer school on motivic homotopy
theory. This volume.

[Lev01] M. Levine. Techniques of localization in the theory of algebraic cycles. J.
Algebraic Geom., 10(2):299–363, 2001.

[Lev03] M. Levine. The homotopy coniveau filtration. UIUC K-theory Preprint
Archives, 628, 2003.

[MV99] F. Morel and V. Voevodsky. A
1-homotopy theory of schemes. Inst. Hautes
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